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Abstrat
We show that there is a bijetion between the subtoposes of the
lassifying topos of a geometri theory T over a signature Σ and the
losed geometri theories over Σ whih are `quotients' of the theory
T; next, we analyze how lassial topos-theoreti onstrutions on the
lattie of subtoposes of a given topos an be transferred, via the
bijetion above, to logial onstrutions in the orresponding lattie
of theories.
Dediated to Peter Johnstone and Martin Hyland
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asion of their sixtieth birthdays.
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1 Introdution
This paper provides a uniation of the theory of elementary toposes with
geometri logi, by passing through the theory of Grothendiek toposes.
The main ingredient of the paper is the duality theorem proved in setion
3, whih asserts the existene of a bijetion between the subtoposes of the
lassifying topos of a given geometri theory T and the losed `quotients' of
T. In fat, the theorem allows us to interpret many onepts of elementary
topos theory whih apply to the lattie of subtoposes of a given topos at
the level of geometri theories.
Notions that will be analyzed in the ourse of the paper inlude the
oHeyting algebra struture on the lattie of subtoposes of a given topos,
open, losed, quasi-losed subtoposes, the dense-losed fatorization of a
geometri inlusion, oherent subtoposes, subtoposes with enough points,
the surjetion-inlusion fatorization of a geometri morphism, skeletal
inlusions, atoms in the lattie of subtoposes of a given topos,
Booleanization and DeMorganization of a topos.
Many results are established on the way. Speially, setion 4 ontains a
proof-theoreti analysis of the notion of Grothendiek topology in view of
the duality theorem, while setion 5 ontains expliit desriptions of the
Heyting operation between Grothendiek topologies on a given ategory
and of the Grothendiek topology generated by a given olletion of sieves;
also, a number of results about the problem of `relativizing' a loal operator
with respet to a given subtopos are derived in setion 6.
We also provide appliations of the duality theorem in various ontexts; in
partiular, we disuss how the theorem an be used to shed light on
axiomatization problems for geometri theories, and we prove a dedution
theorem for geometri logi.
The nal part of the paper is devoted to disussing the problem of
haraterizing the lassifying toposes of theories presented as quotients of
theories of presheaf type; here, we unify the `semanti' point of view of
homogeneous models with respet to a given Grothendiek topology
introdued in [4℄ with the syntati perspetive provided by the duality
theorem. In this ontext, we also derive a syntati desription of the
nitely presented models of a artesian theory.
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2 Preliminary fats
In this setion we present some basi fats whih will be useful for our
analysis. All the terminology used in the ourse of the paper is borrowed
from [9℄ and [10℄, if not otherwise stated.
2.1 A 2-dimensional Yoneda Lemma
An essential role in the present paper is played by a 2-dimensional version
of the Yoneda Lemma.
Reall that there are a number of 2-ategories whih naturally play a role in
topos theory; among them, there are ertainly the 2-ategory Cat of small
ategories, funtors and natural transformations between them and the
2-ategory BTop of Grothendiek toposes, geometri morphisms and
geometri transformations between them. Also, we have all the 2-ategories
arising from notable fragments of geometri logi, namely the 2-ategory
Cart of artesian ategories, artesian funtors and natural transformations
between them, the 2-ategory Reg of regular ategories, regular funtors
and natural transformations between them, the 2-ategory Coh of oherent
ategories, oherent funtors and natural transformations between them,
and the 2-ategory Geom of geometri ategories, geometri funtors and
natural transformations between them.
Given a strit 2-ategory R and two 0-ells a and b in R, we say that a and
b are equivalent if there exists 1-ells f : a→ b and g : b→ a and invertible
2-ells α : f ◦ g⇒1b and β : g ◦ f⇒1a. Given a 2-ategory R, we have an
obvious 2-funtor Y : R → [Rop,Cat] (where and [Rop,Cat] is the
2-ategory of 2-funtors Rop → Cat), whih sends a 0-ell a to the
(obviously dened) 2-funtor Y (a) := R(−, a) : Rop → Cat. Notie that
this notion of equivalene speializes in Cat to the well-known notion of
natural equivalene between small ategories.
The following result is essentially the 2-ategorial equivalent of the fat
that the Yoneda funtor in 1-ategory theory is faithful; it is probably
folklore, but we present a proof for the reader's onveniene.
Proposition 2.1. With the notation above, for any a, b ∈ R, the funtors
Y (a) and Y (b) are equivalent (as 0-ells in the 2-ategory [Rop,Cat]) (if
and) only if a and b are equivalent (as 0-ells in R).
Proof It is easy to see that two 2-funtors F,G : Rop → Cat are equivalent
if and only if for eah c ∈ R, the ategories F (c) and G(c) are naturally
equivalent via funtors K(c) : F (c)→ G(c) and L(c) : G(c)→ F (c),
naturally in c ∈ R, i.e. for any 1-ell f : c→ d in R the obvious naturality
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squares for both K and L ommute up to an invertible natural
transformation.
Now suppose that for a, b ∈ R we have that Y (a) and Y (b) are equivalent
via transformations K : Y (a)⇒Y (b) and L : Y (b)⇒Y (a) suh that
K ◦ L ∼= Y (b) and L ◦K ∼= Y (a). Then we have K(a) : R(a, a)→R(b, a)
and L(b) : R(b, b)→R(a, b); let us put f := K(a)(1a) : a→ b and
g := L(b)(1b) : b→ a. We want to prove that g ◦ f ≃ 1a and f ◦ g ≃ 1b.
Consider the naturality square for K orresponding to the arrow g : b→ a:
R(a, a)
K(a) //
−◦g

R(a, b)
−◦g

R(b, a)
K(b) //R(b, b)
This square by our hypothesis ommutes up to an invertible natural
transformation, so f ◦ g = K(a)(1a) ◦ g ∼= K(b)(g) ∼= K(b)(L(b)(1b)) ∼= 1b.
Dually, or more expliitly by replaing K with L and f with g in the
argument above, one obtains the other isomorphism g ◦ f ∼= 1a. So the
1-ells f and g give an equivalene between a and b, as required. 
2.2 An alternative view of Grothendiek topologies
To begin, let us reall from [11℄ the denition of Grothendiek topology.
A Grothendiek topology on a ategory C is a funtion J whih assigns to
eah objet c of C a olletion J(c) of sieves on c in suh a way that
(maximality axiom) the maximal sieve Mc = {f | cod(f) = c} is in J(c);
(stability axiom) if S ∈ J(c), then f ∗(S) ∈ J(d) for any arrow f : d→ c;
(transitivity axiom) if S ∈ J(c) and R is any sieve on c suh that
f ∗(R) ∈ J(d) for all f : d→ c in S, then R ∈ J(c).
In a ategory C we all a olletion of arrows in C with ommon odomain a
presieve; given a presieve P on c ∈ C, we dene the sieve P generated by P
as the olletion of all the arrows in C with odomain c whih fator
through an arrow in P .
Given a olletion U of presieves on C, we dene the Grothendiek topology
generated by U to be the smallest Grothendiek topology J on C suh that
all the sieves generated by the presieves in U are J-overing.
Given two Grothendiek topologies J and J ′ on a ategory C suh that
J ′ ⊇ J , we say that J ′ is generated over J by a olletion U of sieves in C if
J ′ is generated by the olletion of all the sieves on C whih are either
J-overing or belonging to U .
6
Remark 2.2. Given a funtor F : C → E , where E is a Grothendiek topos,
and a presieve P in C, F sends P to an epimorphi family if and only if it
sends P to an epimorphi family; this remark will be useful below in
onnetion with Diaonesu's theorem.
We note that the denition of Grothendiek topology an also be put in the
following alternative form.
Denition 2.3. A Grothendiek topology on a ategory C is a funtion J
whih assigns to eah objet c of C a olletion J(c) of sieves on c in suh a
way that
(i) the maximal sieve Mc belongs to J(c);
(ii) for eah pair of sieves S and T on c suh that T ∈ J(c) and S ⊇ T ,
S ∈ J(c);
(iii) if R ∈ J(c) then for any arrow g : d→ c there exists a sieve S ∈ J(d)
suh that for eah arrow f in S, g ◦ f ∈ R;
(iv) if the sieve S generated by a presieve {fi : ci → c | i ∈ I} belongs to
J(c) and for eah i ∈ I we have a presieve {gij : dij → ci | j ∈ Ii} suh that
the sieve Ti generated by it belongs to J(ci), then the sieve R generated by
the family of omposites {fi ◦ gij : dij → c | i ∈ I, j ∈ Ii} belongs to J(c).
In this denition, the sieve R will be alled the omposite of the sieve S
with the sieves Ti for i ∈ I and denoted by S ∗ {Ti | i ∈ I}.
Let us prove the equivalene of the two denitions. Let us assume the rst
denition and derive the seond. To prove property (ii) let us assume that
S ⊇ T with T ∈ J(c); then for every arrow f in T we have
f ∗(S) ⊇ f ∗(T ) = Mc ∈ J(c) so by the transitivity axiom S ∈ J(c), as
required. Property (iii) immediately follows from the stability axiom.
Property (iv) follows from the transitivity axiom for Grothendiek
topologies by observing that for all arrows f in S, f ∗(R) is J-overing.
Indeed, if f ∈ S then f = fi ◦ h for some i ∈ I and arrow h; so
f ∗(R) = h∗(f ∗i (R)) ⊇ h
∗(Ti) ∈ J(dom(h)) and hene f
∗(R) ∈ J(dom(f)) by
property (ii) and the stability axiom.
Conversely, let us assume the seond denition and derive the rst. The
stability axiom easily follows from (ii) and (iii); indeed, if R ∈ J(c) and
g : d→ c is an arrow with odomain c, then h∗(R) ontains the sieve S
given by property (iii) and hene it is J-overing by property (ii). To prove
the transitivity axiom we observe that, given a sieve R on c and a sieve
S ∈ J(c) suh that for all arrows h in S, h∗(R) is J-overing, R ontains
the omposite of the sieve S with the sieves of the form h∗(R) for h in S.
Note that, in Denition 2.3, one an equivalently require in property (iv)
that the presieves {fi : ci → c | i ∈ I} and {gij : dij → ci | j ∈ Ii} are sieves;
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indeed, it is lear from the proof above that both versions of the ondition
are equivalent, under properties (i), (ii) and (iii), to the transitivity axiom.
Notie that, in the ase the ategory C has pullbaks, property (iii)
(equivalently, the stability axiom) may be replaed by the following
ondition: if (the sieve generated by) {fi : ci → c | i ∈ I} belongs to J(c)
then for any arrow g : d→ c the sieve generated by the family of pullbaks
{p.b.(fi, g)→ d | i ∈ I} belongs to J(d).
Remark 2.4. The operation of omposition of sieves in a ategory C
dened above behaves naturally with respet to the operator (−)
J
of
J-losure of sieves for a Grothendiek topology J on C; that is, with the
notation above, we have S ∗ {Ti | i ∈ I}
J
= S ∗ {Ti
J
| i ∈ I}
J
. To verify
this equality, it learly sues to prove that
S ∗ {Ti
J
| i ∈ I} ⊆ S ∗ {Ti | i ∈ I}
J
, and this easily follows from property
(ii) in Denition 2.3.
2.3 Generators for Grothendiek topologies
If C is a regular ategory, we may dene the regular topology J regC on C as
the Grothendiek topology on C having as sieves exatly those whih
ontain a over. If C is a geometri ategory, we may dene the geometri
topology JgeomC on it as the Grothendiek topology on C having as sieves
exatly those whih ontain a small overing family. Notie that if CT is the
geometri syntati ategory of a geometri theory T, then the geometri
topology on CT onides with the syntati topology JT on CT (fr. setion
3).
The following result about these topologies hold. Below, by a prinipal
sieve we mean a sieve whih is generated by a single arrow.
Proposition 2.5. Let C be a ategory and J a Grothendiek topology on it.
Then
(i) if C is regular and J ⊇ J regC then J is generated over J
reg
C by a olletion
of sieves generated by monomorphisms;
(ii) if C is geometri and J ⊇ JgeomC then J is generated over J
geom
C by a
olletion of prinipal sieves generated by a monomorphism.
Proof (i) Given an objet c ∈ C and a sieve R on c in C, let us denote, for
eah arrow r in R, by dom(r)
r′′
։ x
r′
֌ c its over-mono fatorization in C
and by R′ the sieve in C generated by the arrows r′ (for r in R). Clearly, it
is enough to prove that R ∈ J(c) if and only if R′ ∈ J(c). The `only if' part
follows from property (ii) in Denition 2.3 sine R′ ⊇ R, while the `if' part
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follows from property (iv) in Denition 2.3 by using that, sine J ⊇ J regC , all
the sieves generated by the single arrows r′′ (for r ∈ R) are J-overing.
(ii) Given an objet c ∈ C and a sieve R on c ∈ C, let r be the subobjet of
c given by the union in SubC(c) of all the images in C of the morphisms in
R (this union exists beause, C being well-powered, there is, up to
isomorphism, only a set of monomorphisms with a given odomain).
Clearly, it is enough to prove that R ∈ J(c) if and only if (r) ∈ J(c) (where
(r) denotes the sieve generated by the arrow r in C). The `only if' part
follows from property (ii) in Denition 2.3 sine (r) ⊇ R, while the `if' part
follows from property (iv) in Denition 2.3 by using that, sine J ⊇ JgeomC ,
the sieve generated by the inlusions into r of the images of the morphisms
in R is J-overing.

Let us note that, given a sieve R on a regular ategory C, it is natural to
onsider the sieve Rreg generated by the images of all the morphisms in R;
similarly, if C is a geometri ategory, it is natural to onsider the sieve
Rgeom generated by the union (in the appropriate subobjet lattie) of all
the images of morphisms in R. In fat, these notions played an essential
role in [6℄. The following result provides a link between these latter
onepts and the notions of regular and geometri topology.
Regarding notation, given a small ategory C with a Grothendiek topology
J on it and a sieve R in C, we denote by R
J
the J-losure of R, that is the
sieve R
J
:= {f : d→ c | f ∗(R) ∈ J(d)}; reall that, via the identiation of
sieves on an objet c with subobjets in [Cop,Set] of C(−, c), R
J
orresponds
to the losure of R֌ C(−, c) with respet to the universal losure operator
on [Cop,Set] orresponding to the (loal operator assoiated to the)
Grothendiek topology J on C. The moni part of the over-mono
fatorization of an arrow f in a regular ategory will be denoted by Im(f).
Proposition 2.6. Let R be a sieve on a ategory C. Then
(i) If C is a regular ategory then Rreg = R
Jreg
C
;
(ii) If C is a geometri ategory then Rgeom = R
Jgeom
C
.
Proof (i) Let us begin by proving that the inlusion Rreg ⊆ R
Jreg
C
holds.
Clearly, it sues to show that for any f in R, Im(f) ∈ R
Jreg
C
; now, if
a
f ′
։ a′
Im(f)
֌ b is the over-mono fatorization of f then (f ′) ⊆ Im(f)∗(R);
but f ′ is a over so (f ′) ∈ J regC (a) and hene Im(f)
∗(R) is J regC -overing by
property (ii) in Denition 2.3. It remains to prove the other inlusion. If
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f ∈ R
Jreg
C
then f ∗(R) ontains a over, all it h. Sine omposition of overs
is a over then f fators through Im(f ◦ h) and hene f ∈ Rreg, as required.
(ii) Let R be a sieve {ri | i ∈ I} on an objet c ∈ C (for our purposes we
an suppose I to be a set without loss of generality, every geometri
ategory being well-powered). Let us denote by r : d֌ c the union in
SubC(c) of the Im(ri) as i varies in I and by hi the (unique) fatorization of
ri through r (for eah i ∈ I). To prove the inlusion R
geom ⊆ R
Jgeom
C
, it is
enough to show that r ∈ R
Jgeom
C
. Now, r =∪
i∈I
Im(ri) so
1d = r
∗(∪
i∈I
Im(ri)) =∪
i∈I
r∗(Im(r ◦ hi)) =∪
i∈I
Im(r∗(r ◦ hi)) =∪
i∈I
Im(hi),
where the seond and third equalities follows from the fat that in any
geometri ategory over-mono fatorizations and small unions of
subobjets are stable under pullbak and the last equality follows from the
fat that r is moni. So we obtain that {hi | i ∈ I} is a small overing
family ontained in r∗(R) and hene r∗(R) is JgeomC -overing, as required.
Conversely, let us suppose that, given f : d→ c, f ∗(R) ontains a small
overing family {hj | j ∈ J}. We want to prove that f fators through r.
Sine r is moni, this ondition is learly equivalent to requiring that
f ∗(r) = 1d. Now, f
∗(r) = f ∗(∪
i∈I
Im(ri)) =∪
i∈I
Im(f ∗(ri)). For eah j ∈ J
there exists i ∈ I suh that f ◦ hj = ri and hene hj fators through f
∗(ri);
this in turn learly implies that Im(hj) fators through Im(f
∗(ri)), so that
∪
i∈I
Im(f ∗(ri)) ⊇∪
j∈J
Im(hj) = 1d. Therefore f
∗(r) = 1d, as required. 
Remark 2.7. As a onsequene of our proposition we may dedue that if C
is regular (resp. geometri) then for any sieve R on c and any arrow
f : d→ c, f ∗(Rreg) = f ∗(R)reg (resp. f ∗(Rgeom) = f ∗(R)geom); indeed,
universal losure operators always ommute with pullbaks.
2.4 Categories with logial struture as syntati
ategories
We reall from [10℄ that if T is a artesian (resp. regular, oherent,
geometri) theory over a signature Σ, one may onstrut the artesian
(resp. regular, oherent, geometri) syntati ategory Cart
T
(resp. Creg
T
,
Coh
T
, Cgeom
T
) of T. By Lemma D1.4.10 [9℄, this ategory is artesian (resp.
regular, oherent, geometri) and satises the property that the ategory of
artesian (resp. regular, oherent, geometri) funtors from it to any
artesian (resp. regular, oherent, geometri) ategory D is naturally
equivalent to the ategory of models of the theory T in D, the equivalene
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sending eah model M ∈ T-mod(E) to the funtor FM : CT → E assigning to
a formula φ(~x) its interpretation [[φ(~x)]]M in M . Let us now show that,
onversely, any artesian (resp. regular, oherent, geometri) ategory an
be regarded as (that is, it is naturally equivalent to) the syntati ategory
of a artesian (resp. regular, oherent, geometri) theory. The ingredients
for this result are all in [9℄, the main one being the onstrution of the
anonial signature ΣC of a ategory C with at least nite limits desribed
at p. 837. This signature has one sort pAq for eah objet A of C, one
funtion symbol pfq : pA1q, · · · , pAnq→ pBq for eah arrow
f : A1 × · · · × An → B in C, and one relation symbol
pRq ֌ pA1q, · · · , pAnq for eah subobjet R֌ A1 × · · · ×An. Now, let T
C
be the theory formed by the following artesian sequents over ΣC :
(⊤ ⊢x (pfq(x) = x))
for any identity arrow f in C;
(⊤ ⊢x (pfq(x) = phq(pgq(x))))
for any triple of arrows f, g, h of C suh that f is equal to the omposite
h ◦ g;
(⊤ ⊢[] (∃x)⊤) and (⊤ ⊢x,x′ (x = x
′))
where x and x′ are of sort p1q, 1 being the terminal objet of C;
(⊤ ⊢x (phq(pfq(x)) = pkq(pgq(x)))),
((pfq(x) = pf ′q(x′)) ∧ (pgq(x) = pg′q(x′)) ⊢x,x′ (x = x
′)), and
((phq(y) = pkq(z)) ⊢y,z (∃x)((pfq(x) = y) ∧ (pgq(x) = z)))
for any pullbak square
a
f //
g

b
h

c k // d
in C.
It is an immediate onsequene of Lemma D1.3.11 [10℄ that for any
artesian ategory D, the TC-models are the same thing as funtors C → D
i.e. artesian funtors (fr. Example D1.4.8 [10℄). So we have an
equivalene of ategories T
C
-mod(D) ≃ Cart(C,D) natural in D ∈ Cart.
Sine we also have an equivalene Cart(Cart
TC
,D) ≃ TC-mod(D) natural in
D ∈ Cart (by denition of syntati ategory), by omposing the two we
nd an equivalene Cart(C,D) ≃ Cart(Cart
TC
,D) natural in D ∈ Cart and
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hene, by the 2-dimensional Yoneda Lemma, a natural equivalene of
ategories Cart
TC
≃ C, one half of whih sends a formula φ(~x) to (the domain
of) its interpretation [[φ(~x)]] in the anonial ΣC-struture in C.
One an easily extend this result to more general fragments of geometri
logi. Indeed, given a Grothendiek topology J on a ategory C, reall from
[10℄ (Remark D3.1.13) that the artesian and J-over-preserving (i.e. whih
send every J-overing sieve to a overing family) funtors on C orrespond
exatly to the models of the theory T
C
whih satisfy the additional axioms
(⊤ ⊢x∨
i∈I
(∃yi)(pfiq(yi) = x))
for eah J-overing family (fi : Bi → A | i ∈ I). Let us all T
C
J the theory
obtained from T
C
by adding the axioms above. Now, it is easy to verify
that if C is a regular (resp. oherent, geometri) ategory then for any
regular (resp. oherent, geometri) ategory D, the regular (resp. oherent,
geometri) funtors C → D are exatly the artesian funtors on C whih
are J-over-preserving, where J is the regular (resp. oherent, geometri)
overage on C. So we onlude as above that if C is a regular (resp.
oherent, geometri) ategory then there is an equivalene of ategories
Creg
T
C
J
≃ C (resp. Coh
T
C
J
≃ C, Cgeom
T
C
J
≃ C) one half of whih sends a formula φ(~x)
to (the domain of) its interpretation [[φ(~x)]] in the anonial ΣC-struture
in C.
Hene we have arrived at the following result
Proposition 2.8. The artesian (resp. regular, oherent, geometri)
ategories are, up to natural equivalene, exatly the syntati ategories of
artesian (resp. regular, oherent, geometri) theories.

We note that the fat that every artesian (resp. regular, oherent,
geometri) ategory C is naturally equivalent to the syntati ategory of a
theory T enables us to interpret ategorial onstrutions on C as logial
operations involving T.
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3 The duality theorem
In this setion we prove our main theorem, whih asserts the existene of a
bijetion between the subtoposes of the lassifying topos of a geometri
theory T over Σ and the losed geometri theories over Σ whih are
`quotients' of the theory T.
Let us start with an easy remark: every subtopos of a Grothendiek topos
is a Grothendiek topos. This an be proved in (at least) two dierent
ways, as follows.
We reall that a subtopos of a topos E is a geometri inlusion of the form
shj(E) →֒ E for a loal operator j on E , equivalently an equivalene lass of
geometri inlusions to the topos E . It is well-known that the subtoposes of
a presheaf topos [Cop,Set] are in bijetion with the Grothendiek topologies
J on the ategory C, i.e. every geometri inlusion to [Cop,Set] is, up to
equivalene, of the form Sh(C, J) →֒ [Cop,Set] for a unique Grothendiek
topology J on C; moreover, a geometri inlusion Sh(C, J) →֒ [Cop,Set]
fators through another geometri inlusion Sh(C, J ′) →֒ [Cop,Set] of the
same form if and only if J ′ ⊆ J (i.e. every J ′-overing sieve is a J-overing
sieve). Now, the geometri inlusions to a Grothendiek topos Sh(C, J) an
be learly identied with the geometri inlusions to [Cop,Set] whih
fators through Sh(C, J) →֒ [Cop,Set] and hene the subtoposes of Sh(C, J)
orrespond preisely to the Grothendiek topologies J ′ on C suh that
J ′ ⊇ J . This provides us with the rst proof of our laim. Alternatively, we
an argue as follows. By Theorem C2.2.8 [10℄, an elementary topos E is a
Grothendiek topos if and only if there exists a bounded geometri
morphism E → Set (fr. B3.1.7 [9℄). Now, a geometri inlusion is always a
loali morphism (fr. Example A4.6.2(a) [9℄), and hene a bounded
morphism (fr. Example B3.1.8 [9℄); but a omposite of bounded morphism
is a bounded morphism (by Lemma B3.1.10(i)), so that our thesis follows
from the above-mentioned haraterization.
Our remark is fundamental for our purposes for the following reason. For
eah elementary topos E , the olletion of subtoposes of E has the struture
of a oHeyting algebra (fr. Example A4.5.13(f) [9℄), and there are many
important onepts in topos theory that apply to this ontext (fr. setion
A4 [9℄); so we are naturally led to investigating their meaning in the
ontext of Grothendiek toposes. In fat, thanks to the duality theorem
established below, we will also be able to interpret all these onepts in the
ontext of geometri theories. All of this will be arried out in the following
setions of the paper.
Before we an state our duality theorem, whih desribes how the
relationship between Grothendiek toposes and geometri theories given by
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the theory of lassifying toposes `restrits' to the ontext of all the
subtoposes of a given Grothendiek topos, we need to introdue some
denitions. Regarding terminology, we use the term theory to mean a
presentation of a theory, that is a olletion of axioms of the theory, and
aordingly we onsider two theories over a given signature equal when they
have exatly the same axioms.
Denition 3.1. Let T be a geometri theory over a signature Σ and σ, σ′
two geometri sequents over Σ. Then σ and σ′ are said to be T-equivalent if
σ is provable in T ∪ {σ′} and σ′ is provable in T ∪ {σ}.
Denition 3.2. Let T be a geometri theory over a signature Σ. A
quotient of T is a geometri theory T
′
over Σ suh that every axiom of T is
provable in T
′
.
Remark 3.3. The notion of provability in geometri logi to whih we
refer here (and below) is that dened p. 832 [10℄; that system is essentially
onstrutive, but, by Proposition D3.1.16 [10℄, we may add the law of
exluded middle to it (thus making it lassial) without aeting the
orreponding notion of provability.
Denition 3.4. Let T and T be geometri theories over a signature Σ. We
say that T and T are syntatially equivalent, and we write T ≡s T, if for
every geometri sequent σ over Σ, σ is provable in T if and only if σ is
provable in T
′
.
We note that we an take a anonial representative for eah of the
≡s-equivalene lasses, namely the theory having as axioms exatly the
geometri sequents over Σ whih are provable in one (equivalently, all) of
the theories belonging to that equivalene lass.
Borrowing a term from lassial model theory, we will say that a geometri
theory T over a signature Σ is losed if all the geometri sequents over the
signature of T whih are provable in T already belong to T. Thus, there is
exatly one losed theory in every ≡s-equivalene lass, whih is in fat our
anonial representative. Aordingly, we dene the losure of a geometri
theory over a given signature as the unique losed theory in its
≡s-equivalene lass.
Let us reall the following denition.
Denition 3.5. Let T and T
′
be geometri theories. We say that T and T
′
are Morita-equivalent if they have equivalent lassifying toposes
(equivalently, by the 2-dimensional Yoneda Lemma, if they have equivalent
ategories of models in every Grothendiek topos E , naturally in
E ∈ BTop).
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We are now ready to state our duality theorem. Conerning notation, given
two Grothendiek toposes E and F and a Grothendiek topology J on a
small ategory C, we denote by Geom(E ,F) the ategory of geometri
morphisms from E to F and by FlatJ(C, E) the ategory of J-ontinuous
at funtors from C to E .
Theorem 3.6. Let T be a geometri theory over a signature Σ. Then the
assignment sending a quotient of T to its lassifying topos denes a bijetion
between the ≡s-equivalene lasses of quotients of T (equivalently, the losed
quotients of T) and the subtoposes of the lassifying topos Set[T] of T.
Proof First, we note that two syntatially equivalent theories are
Morita-equivalent; indeed, by the soundness theorem for geometri logi,
they have the same (ategories of) models in every Grothendiek topos. Let
us reall from [10℄ that the lassifying topos Set[T] of T an be represented
as Sh(CT, JT), where CT is the geometri syntati ategory of T and JT is
the anonial topology on CT (i.e. the Grothendiek topology on CT having
as overing sieves exatly those whih ontain small overing families), and
that we have an equivalene of ategories T-mod(E) ≃ FlatJT(CT, E)
(natural in E ∈ BTop) whih sends eah model M ∈ T-mod(E) to the
funtor FM : CT → E assigning to a formula {~x . φ} (the domain of) its
interpretation [[φ(~x)]]M in M .
We note that, although not small, CT is an essentially small ategory i.e. it
is equivalent to a small ategory (by the results in Part D [10℄); hene all
the results valid for small Grothendiek sites naturally extend to sites
involving the ategory CT.
Let us reall the onstrution of pullbaks in CT. Given two morphisms
{~x . φ}
[θ] // {~y . ψ}
and
{~x′ . φ′}
[θ′] // {~y . ψ}
in CT with ommon odomain, we have the following pullbak in CT:
{~x, ~x′ . (∃~y)(θ[~x/~x] ∧ θ′[~x′/~x′])}
[(∃~y)(θ∧θ′∧~x′=~x′)] //
[(∃~y)(θ∧θ′∧~x=~x)]

{~x′ . φ′}
[θ′]

{~x . φ}
[θ] // {~y . ψ}
Let us note that the sequent φ′ ⊢~x′ (∃~x,
~x′)((∃~y)(θ ∧ θ′ ∧ ~x′ = ~x′)) is
provable in T from the sequent ψ ⊢~y (∃~x)θ. Indeed, it is learly equivalent
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in geometri logi to the sequent φ′ ⊢~x′ (∃~y)((∃~x)θ ∧ θ
′), and the sequents
φ′ ⊢~x′ (∃~y)θ
′
and θ′ ⊢~x′,~y ψ are provable in T sine [θ
′] is a morphisms in the
syntati ategory CT.
Next, we observe that, given a T-model M in a Grothendiek topos E ,
FM : CT → E sends a small family {θi | i ∈ I} of morphisms
{~xi . φi}
[θi] // {~y . ψ}
in CT with ommon odomain to an epimorphi family in E if and only if
[[~y . ψ]]M = [[~y .∨
i∈I
(∃~xi)θi]]M , equivalently if and only if the sequent
ψ ⊢~y∨
i∈I
(∃~xi)θi is satised in M .
This remark shows, by the soundess theorem for geometri logi, that for
any small presieve R in CT, the JT-ontinuous at funtors on CT sending R
to an epimorphi family also send all the pullbaks of R along arrows in CT
to epimorphi families. This implies, by Remark 2.2 and Lemma 3 [2℄, that
the JT-ontinuous at funtors on CT whih send eah of the small presieves
in a given olletion F to an epimorphi family oinide with the
JT-ontinuous at funtors on CT whih are JF -ontinuous, where JF is the
Grothendiek topology on CT generated over JT by the sieves generated by
presieves in F .
Given a quotient T
′
of T, we may onstrut its lassifying topos as follows.
Let T
′
be obtained from T by adding a number of axioms of the form
φ ⊢~x ψ, where φ and ψ are geometri formulae over Σ; of ourse, up to
syntati equivalene, there are many possible ways of presenting T
′
in suh
form (for example one may take as axioms all the axioms of T
′
or, more
eonomially, all the axioms of T
′
whih are not provable in T), but we will
show that our onstrution is independent from any partiular presentation.
For eah of these axioms φ ⊢~x ψ, onsider the orresponding morphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
in the geometri syntati ategory CT of T.
It is lear that, given a T-model M in a Grothendiek topos E , FM : CT → E
sends the morphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
to an epimorphism if and only if [[~x . φ]]M ≤ [[~x . ψ]]M i.e. if and only if the
sequent φ ⊢~x ψ holds in M .
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So the JT-ontinuous at funtors on CT whih send eah of the morphism
orresponding to the axioms of T
′
to an epimorphism lassify the models of
T
′
. Therefore, from the disussion above we dedue that if JT
T′
is the
smallest Grothendiek topology on CT for whih all the JT-overing sieves
and the sieves ontaining a morphism orresponding to an axiom of T
′
are
JT
T′
-overing then, by Diaonesu's theorem, the topos Sh(CT, J
T
T′
) lassies
the theory T
′
; moreover, the anonial geometri inlusion
Sh(CT, J
T
T′
) →֒ Sh(CT, JT) orresponding to the inlusion JT ⊆ J
T
T′
makes
Sh(CT, J
T
T′
) into a subtopos of Set[T].
Now, to have a well-dened assignment from the ≡s-equivalene lasses of
quotients of T to the subtoposes of Set[T], it remains to verify that the
topology JT
T′
dened above does not depend on the partiular hoie of
axioms for T
′
, i.e. it is the same for all the quotients in a given
≡s-equivalene lass.
Let T1 and T2 be quotients of T suh that T1 ≡s T2; we want to prove that
JT
T1
= JT
T2
. We will prove the existene of a geometri equivalene
τ : Sh(CT, J
T
T1
)→ Sh(CT, J
T
T2
) suh that the diagram in BTop
Sh(CT, J
T
T1
)
i1 ''OO
OO
OO
OO
OO
O
τ // Sh(CT, J
T
T2
)
i2wwooo
oo
oo
oo
oo
[CT
op,Set]
where the geometri inlusions Sh(CT, J
T
T1
)→ [CT
op,Set] and
Sh(CT, J
T
T2
)→ [CT
op,Set] are the anonial ones, ommutes up to
isomorphism.
From the identiation of equivalene lasses of geometri inlusions to a
given topos with loal operators on that topos (given by the theory of
elementary toposes) it will then follow the equality of the two topologies
JT
T1
and JT
T2
. By the 2-dimensional Yoneda Lemma, it is equivalent to prove
the existene of an equivalene of ategories
lE : Geom(E ,Sh(CT, J
T
T1
))→ Geom(E ,Sh(CT, J
T
T2
)) natural in E ∈ BTop
suh that (i1 ◦ −) ◦ lE ∼= (i2 ◦ −) for eah E ∈ BTop. Sine T1 ≡s T2, T1 and
T2 have the same models (in every Grothendiek topos), and hene we may
obtain suh an equivalene by omposing
Geom(E ,Sh(CT, J
T
T1
)) ≃ FlatJT1 (CT, E) ≃ T1-mod(E) = T2-mod(E) ≃
FlatJT2 (CT, E) ≃ Geom(E ,Sh(CT, J
T
T2
)), where the rst and last
equivalenes are given by Diaonesu's theorem.
Conversely, suppose starting with a subtopos E of Set[T]; then E has the
form Sh(CT, J) for a unique Grothendiek topology J suh that J ⊇ JT.
Let us prove that there exists a quotient T
J
of T suh that E is its
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lassifying topos. Let us dene T
J
to onsist of all the axioms over Σ of the
form ψ ⊢~y (∃~x)θ, where [θ] is any monomorphism
{~x . φ}
[θ] // {~y . ψ}
in CT generating a J-overing sieve.
Sine, for any T-model M in a Grothendiek topos E , FM sends [θ] to an
epimorphism if and only if the sequent ψ ⊢~y (∃~x)θ holds in M , it follows
from Remark 2.2, Proposition 2.5 and Lemma 3 [2℄ that the equivalene
T-mod(E) ≃ FlatJT(CT, E) restrits to an equivalene
T
J
-mod(E) ≃ FlatJ(CT, E) (naturally in E ∈ BTop) and hene that
E = Sh(CT, J) lassies the theory T
J
.
To onlude the proof of the theorem it remains to show that the two
assignments T
′ → JT
T′
and J → TJ are bijetions inverse to eah other
between the ≡s-equivalene lasses of quotients of T and the subtoposes of
the lassifying topos Set[T] of T.
To prove that for any quotient T
′
of T we have T
′ ≡s T
JT
T′
we argue as
follows. First, we observe that for any T-model M in a Grothendiek topos
E , M is a T′-model if and only if it is a TJ
T
T′
-model; indeed, by denition of
JT
T′
and of T
JT
T′
, both T
′
-models and T
JT
T′
-models in E orrespond to funtors
in FlatJT
T′
(CT′ , E) via the equivalene FlatJT(CT, E) ≃ T-mod(E).
Now, let us denote by UT
T′
the image of aJT
T′
◦ yT in T′-mod(E) through the
equivalene FlatJT
T′
(CT, E) ≃ T
′
-mod(E), where yT : CT → [CT
op,Set] is the
Yoneda embedding and aJT
T′
: [CT
op,Set]→ Sh(CT, J
T
T′
) is the assoiated
sheaf funtor. By Diaonesu's theorem and the naturality in E ∈ BTop of
the equivalenes
T
′
-mod(E) = TJ
T
T′
-mod(E) ≃ FlatJT
T′
(CT, E) ≃ Geom(E ,Sh(CT, J
T
T′
)), the
Σ-struture UT
T′
is a universal model for both T
′
and T
JT
T′
(i.e. every
T
′
-model M in a Grothendiek topos G is the image g∗(UT
T′
) for a unique up
to isomorphism geometri morphism g : G → Sh(CT, J
T
T′
)); in partiular, it
is onservative both as a T
′
-model and as a T
JT
T′
-model (sine for every
geometri theory Z over a signature Σ′ its lassifying topos Sh(CZ, JZ)
ontains a onservative Z-model, fr. the disussion preeding Proposition
D3.1.12 [10℄). From this it learly follows that T
′ ≡s T
JT
T′
, as required.
On the other hand, the fat that J = JT
TJ
diretly follows from the
denition of the assigmnent T
′ → JT
T′
.

With the above notation, we will refer to the topology JT
T′
as the assoiated
T-topology of T
′
, and to the (≡s-equivalene lass of the) quotient T
J
as the
assoiated T-quotient of J .
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For eah Grothendiek topos E , we denote by
τE : T-mod(E) ≃ Geom(E ,Sh(CT, JT)) the omposite of the equivalene
T-mod(E) ≃ FlatJT(CT, E) onsidered in the proof of the theorem with
Diaonesu's equivalene FlatJT(CT, E) ≃ Geom(E ,Sh(CT, JT)); given a
quotient T
′
of a theory T, we denote by iE
T′
: T′-mod(E) →֒ T-mod(E) the
inlusion into T-mod(E) of the full subategory T′-mod(E) on the T′-models
in E .
Remark 3.7. With the notation above, we note that, given a
Grothendiek topology J on CT suh that J ⊇ JT with orresponding
anonial geometri inlusion iJ : Sh(CT, J) →֒ Sh(CT, JT), the duality
theorem asserts in partiular that there exists exatly one quotient T
′
of T,
up to syntati equivalene, suh that the diagram in Cat
T
′
-mod(E) ≃ //
iE
T′

Geom(E ,Sh(CT, J))
iJ◦−

T-mod(E) ≃
τE
//Geom(E ,Sh(CT, JT))
ommutes (up to invertible natural equivalene) naturally in E ∈ BTop.
We remark that our method of onstruting the T-topology assoiated to a
given quotient of T has points in ommon with the `foring' method
summarized by Proposition D3.1.10 [10℄. In fat, our arguments show that,
more generally, it is always possible to onstrut the lassifying topos of a
quotient T
′
of a given theory T as a ategory of sheaves on the artesian
(resp. regular, oherent or geometri) syntati ategory of T starting from
a way of expressing T
′
as a theory obtained from T by adding axioms of the
form ψ ⊢~y∨
i∈I
(∃~xi)θi where ψ and the θi are artesian (resp. regular,
oherent or geometri) formulae.
Finally, onsider the following question: given a Grothendiek topos E and
a signature Σ, when is it the ase that there exists a geometri theory T
over Σ suh that E is a lassifying topos for T? Our duality theorem gives
us an answer to this question: the ondition on E and Σ amounts preisely
to requiring that there should exist a geometri inlusion from E to the
lassifying topos for the empty (geometri) theory over Σ.
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4 The proof-theoreti interpretation
In this setion, we provide an alternative, syntati, proof of our duality
theorem. This will be based on a logial interpretation of the notion of
Grothendiek topology. Speially, given a olletion A of sieves on a
given ategory C, the notion of Grothendiek topology on C gives naturally
rise to a proof system T AC , as follows: the axioms of T
A
C are the sieves in A
together with all the maximal sieves, while the inferene rules of T AC are the
proof-theoreti versions of the well-known axioms for Grothendiek
topologies, i.e. the rules:
Stability rule:
R
f ∗(R)
where R is any sieve on an objet c in C and f is any arrow in C with
odomain c.
Transitivity rule:
Z {f ∗(R) | f ∈ Z}
R
where R and Z are sieves in C on a given objet of C.
Notie that the `losed theories' of this proof system are preisely the
Grothendiek topologies on C whih ontain the sieves in A as their overing
sieves, and the losure of a theory in T AC i.e. of a olletion U of sieves in C,
is exatly the Grothendiek topology on C generated by A and U .
Our Theorem 4.1 below an be interpreted as giving a `proof-theoreti
equivalene' between the system of geometri logi over a given geometri
theory T and the system T JTCT .
Given a geometri theory T over a signature Σ, let S be the olletion of
geometri sequents over Σ, S˜ the quotient of S by the relation of
T-equivalene, and Sieves(CT) the olletion of sieves on the geometri
syntati ategory CT of T.
Motivated by the proof of the duality theorem in setion 3, let us dene two
orresponenes F : S → Sieves(CT) and G : Sieves(CT) :→ S˜, as follows.
Given a geometri sequent φ ⊢~x ψ over Σ, we put F(σ) equal to prinipal
sieve in CT generated by the monomorphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
Conversely, given a sieve R in CT, we put G(R) equal to the T-equivalene
lass of any geometri sequent ψ ⊢~y (∃~x)θ suh that [θ] is a monomorphism
{~x . φ}
[θ] // {~y . ψ}
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in CT generating the prinipal sieve R
JT
(fr. Proposition 2.6).
Applying the powerset funtor to F and G, we obtain maps of posets
P(F) : P(S)→ P(Sieves(CT)) and P(G) : P(Sieves(CT))→ P(S˜)
(where the partial order on these sets is given by the inlusion). Conerning
notation, we will write F(U) for P(F)(U) and G(V ) for P(G)(V ).
We have losure operators (−)
T
: P(S)→ P(S) and
(−)
T
: P(Sieves(CT))→ P(Sieves(CT)) dened as follows: for a olletion
U of geometri sequents over Σ, U
T
is the olletion of geometri sequents σ
whih are provable in T ∪ U using geometri logi, while, for a olletion V
of sieves in CT, V
T
is the Grothendiek topology in CT generated by JT and
V (i.e. the smallest Grothendiek topology J on CT suh that all the
JT-overing sieves and the sieves in V are J-overing); note that the relation
of T-equivalene on S is ompatible with the losure operator (−)
T
, that is
we have a fatorization (−)
T
S˜ : P(S˜)→ P(S) of (−)
T
: P(S)→ P(S)
through the image P(S)→ P(S˜) via P of natural projetion map S → S˜.
We note that the losed points with respet to these losure operators are
respetively the losed quotients of T and the Grothendiek topologies J on
CT suh that J ⊇ JT.
Let us dene F : P(S)→ P(Sieves(CT)) as the omposite (−)
T
◦P(F)
and G : P(Sieves(CT))→ P(S) as the omposite (−)
T
S˜ ◦P(G).
Given a olletion U of geometri sequents over Σ, we dene TU to be the
olletion of all the geometri sequents σ over Σ suh that F(σ) belongs to
F(U)
T
. Similarly, given a olletion V of sieves on CT, we dene JV to be
the olletion of sieves R in C suh that any sequent in G(R) is provable in
T ∪ G(V ) using geometri logi.
The following result shows that our maps P(F) and P(G) are ompatible
with respet to these losure operators, and that F and G are inverse to
eah other on the subsets of losed points, that is between the olletion of
losed quotients of T and the olletion of Grothendiek topologies on CT
whih ontain JT. In fat, given a quotient T
′
of T, F (T′) = JT
T′
while for a
Grothendiek topology J ⊇ JT, G(J) = T
J
(where the notations here are
those of setion 3). Thus this approah provides a dierent, entirely
syntati, way to arrive at the duality of Theorem 3.6.
Theorem 4.1. With the above notation:
(i) For any U ∈ P(S), F(U
T
) ⊆ F(U)
T
;
(ii) For any V ∈ P(Sieves(CT)), G(V
T
) ⊆ G(V )
T
;
(iii) For any U ∈ P(S), G(F (U)) = U
T
= TU ;
(iv) For any V ∈ P(Sieves(CT)), F (G(V )) = V
T
= JV .
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Proof (i) We have to prove that, given U := {σi | i ∈ I} ∈ P(S), if a
geometri sequent σ is provable in T ∪ U using geometri logi, then
F({σ}) belongs to F(U)
T
. Let us show this by indution on the omplexity
of a proof of σ ≡ φ ⊢~x ψ in T ∪ U .
If σ ∈ U then the thesis is lear.
If σ belongs to T or, more generally, is provable in T, then the morphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
in CT is isomorphi to the identity morphism on {~x . φ}, and hene it
belongs to F(U)
T
by the maximality axiom for Grothendiek topologies.
Notie in partiular that if σ is an axiom of geometri logi then F(σ)
belongs to F(U)
T
.
Now, let us verify that all the inferene rules for geometri logi (desribed
p. 830 [9℄) are `sound' with respet to the operation F , that is if eah of the
premises σ of an inferene rule satises `F(σ) belongs to F(U)
T
` then the
onlusion σ′ of the rule also satises `F(σ′) belongs to F(U)
T
`.
Substitution rule:
(φ ⊢~x ψ)
(φ[~s/~x] ⊢~y ψ[~s/~x])
where ~y is any string of variables inluding all the variables ourring in the
string of terms ~s.
We have to prove that if the sieve in CT generated by the single morphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
is F(U)
T
-overing then the sieve generated by the single morphism
{~y′ . φ[~s/~x] ∧ ψ[~s/~x]}
[(φ[~s/~x]∧ψ[~s/~x]∧~y′=~y)] // {~y . φ[~s/~x]}
is also F(U)
T
-overing.
For any geometri formula φ(~x) and a term s(~y) over Σ, the diagram
{~y . φ[~s/~x]}
[(s(~y)=~x)∧φ] //
[(φ[~s/~x])[~y′/~y]∧~y′=~y]

{~x′ . φ[~x′/~x]}
[(φ∧~x′=~x)]

{~y . ⊤}
[s(~y)=~x] // {~x . ⊤}
22
is a pullbak in CT. To prove this, let us rst observe that if χ = (∃~y)ξ is a
geometri formula in a ontext ~x suh that the sequent
((ξ ∧ ξ[~z/~y]) ⊢~x,~y,~z (~y = ~z))
is provable in T then the objets {~x . χ} and {~x, ~y . ξ} are isomorphi in CT.
Indeed, it is an easy onsequene of Lemma D1.4.4(i) [10℄ that the arrow
{~x, ~y . ξ}
[(ξ∧(~x′=~x))]// {~x′ . χ[~x′/~x]}
is an isomorphism.
Now, it immediately follows from the substitution axiom (and the equality
axioms) that the sequent (∃~x)((s(~y) = ~x) ∧ φ(~x)) ⊢~y φ[~s/~x] and its onverse
are provable in geometri logi.
So, in view of the onstrution of pullbaks given in setion 3 above, these
two remarks together imply that our square is a pullbak in CT, as required.
From this we immediately dedue that the morphism
{~x′ . φ[~s/~x] ∧ ψ[~s/~x]}
[(φ[~s/~x]∧ψ[~s/~x]∧~x′=~x)] // {~x . φ[~s/~x]}
is (isomorphi to) the pullbak in CT along
[(s(~y) = ~x) ∧ φ] : {~y . φ[~s/~x]} → {~x′ . φ[~x′/~x]} of the morphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
Now, for a Grothendiek topology J on a ategory C, it is always true that
if the diagram
a //
f ′

b
f

d
h // c
is a pullbak in C then (f) ∈ J(c) implies (f ′) ∈ J(d). Indeed, by the
universal property of the pullbak, we have (f ′) = h∗((f)) and hene the
thesis follows from the stability axiom for Grothendiek topologies.
This onludes the proof that the substitution rule is `sound' for the
operation F .
Cut rule:
(φ ⊢~x ψ)(ψ ⊢~x χ)
(φ ⊢~x χ)
We have to prove that if the sieves in CT respetively generated by the
morphisms
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
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and
{~x′ . ψ ∧ χ}
[(ψ∧χ∧~x′=~x)] // {~x . ψ}
are F(U)
T
-overing then the sieve generated by the single morphism
{~x′ . φ ∧ χ}
[(φ∧χ∧~x′=~x)] // {~x . φ}
is also F(U)
T
-overing.
The diagrams
{ ~x′′′ . φ ∧ ψ ∧ χ}
[(φ∧ψ∧χ∧ ~x′′′= ~x′′)] //
[(φ∧ψ∧χ∧ ~x′′′=~x′)]

{ ~x′′ . φ ∧ χ}
[(φ∧χ∧ ~x′′=~x)]

{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
and
{ ~x′′′ . φ ∧ ψ ∧ χ}
[(φ∧ψ∧χ∧ ~x′′′= ~x′′)] //
[(φ∧ψ∧χ∧ ~x′′′=~x′)]

{ ~x′′ . ψ ∧ χ}
[(ψ∧χ∧ ~x′′=~x)]

{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . ψ}
are learly pullbak squares in CT.
By the stability axiom for Grothendiek topologies, the sieve generated by
the morphism
{ ~x′′′ . φ ∧ ψ ∧ χ}
[(φ∧ψ∧χ∧ ~x′′′=~x′)] // {~x′ . φ ∧ ψ}
is F(U)
T
-overing, sine it is the pullbak of the (F(U)
T
-overing) sieve
generated by the morphism
{~x′ . ψ ∧ χ}
[(ψ∧χ∧~x′=~x)] // {~x . ψ}
along the arrow
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . ψ}
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So, sine the sieve generated by the morphism
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
is F(U)
T
-overing, we onlude, by the transitivity axiom for Grothendiek
topologies and the fat that the rst square above is a pullbak, that the
sieve generated by the morphism
{~x′ . φ ∧ χ}
[(φ∧χ∧~x′=~x)] // {~x . φ}
is F(U)
T
-overing, as required.
Rule for nite onjuntion:
(φ ⊢~x ψ)(φ ⊢~x χ)
(φ ⊢~x (ψ ∧ χ))
We have to prove that if the sieves in CT respetively generated by the
morphisms
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
and
{~x′ . φ ∧ χ}
[(φ∧χ∧~x′=~x)] // {~x . φ}
are F(U)
T
-overing then the sieve generated by the single morphism
{~x′ . φ ∧ (ψ ∧ χ)}
[(φ∧(ψ∧χ)∧~x′=~x)] // {~x . φ}
is also F(U)
T
-overing.
We observed above that the diagram
{ ~x′′′ . φ ∧ ψ ∧ χ}
[(φ∧ψ∧χ∧ ~x′′′= ~x′′)] //
[(φ∧ψ∧χ∧ ~x′′′=~x′)]

{ ~x′′ . φ ∧ χ}
[(φ∧χ∧ ~x′′=~x)]

{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
is a pullbak in CT. Thus, by the stability axiom for Grothendiek
topologies, the sieve generated by the arrow
{ ~x′′′ . φ ∧ ψ ∧ χ}
[(φ∧ψ∧χ∧ ~x′′′=~x′)] // {~x′ . φ ∧ ψ}
25
is F(U)
T
-overing, sine it is the pullbak of the (F(U)
T
-overing) sieve
generated by the arrow
{~x′ . φ ∧ χ}
[(φ∧χ∧~x′=~x)] // {~x . φ}
along the arrow
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
But the sieve generated by the arrow
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
is F(U)
T
-overing and hene, sine the arrow
{~x′ . φ ∧ (ψ ∧ χ)}
[(φ∧(ψ∧χ)∧~x′=~x)] // {~x . φ}
is equal to the omposite of
{~x′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x)] // {~x . φ}
and
{ ~x′′′ . φ ∧ ψ ∧ χ}
[(φ∧ψ∧χ∧ ~x′′′=~x′)] // {~x′ . φ ∧ ψ}
we dedue, by property (iv) in Denition 2.3, that the sieve generated by
the arrow
{~x′ . φ ∧ (ψ ∧ χ)}
[(φ∧(ψ∧χ)∧~x′=~x)] // {~x . φ}
is F(U)
T
-overing, as required.
Rule for innitary disjuntion:
{(φi ⊢~x χ) | i ∈ I}
(∨
i∈I
φi ⊢~x χ)
We have to prove that if eah of the sieves in CT respetively generated by
the single arrow
{~x′ . φi ∧ χ}
[(φi∧χ∧~x′=~x)] // {~x . φi}
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as i varies in I is F(U)
T
-overing then the sieve generated by the single
morphism
{~x′ . (∨
i∈I
φi) ∧ χ}
[((∨
i∈I
φi)∧χ)∧~x′=~x)]
// {~x .∨
i∈I
φi}
is also F(U)
T
-overing.
The sieve on {~x .∨
i∈I
φi} generated by the arrows
ji := {~x′ . φi}
[φi∧~x′=~x] // {~x .∨
i∈I
φi}
as i varies in I is F(U)
T
-overing by denition of JT, sine T
T
U ⊇ JT.
Now, for eah i ∈ I the diagram
{ ~x′′′ . φi ∧ χ}
[(φi∧χ∧ ~x′′′= ~x′′)] //
[(φi∧χ∧ ~x′′′=~x′)]

{ ~x′′ . (∨
i∈I
φi) ∧ χ}
[(∨
i∈I
φi)∧χ∧ ~x′′=~x}]

{~x′ . φi}
ji // {~x .∨
i∈I
φi}}
is a pullbak in CT. Our thesis then follows from the transitivity axiom for
Grothendiek topologies.
Rules for existential quantiation:
(φ ⊢~x,~y ψ)
((∃~y)φ ⊢~x ψ)
where ~y is not free in ψ.
We have to prove that the sieve in CT generated by the single morphism
{~x′, ~y′ . φ ∧ ψ}
[(φ∧ψ∧~x′=~x∧~y′=~y)] // {~x, ~y . φ}
is F(U)
T
-overing if and only if the sieve generated by the single morphism
{~x′ . ((∃~y)φ) ∧ ψ}
[((∃~y)φ)∧∧~x′=~x] // {~x′ . (∃~y)φ}
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is F(U)
T
-overing.
The diagram
{ ~x′′′, ~y′′′ . (φ ∧ ψ)[ ~x′′′/~x, ~y′′′/~y]}
[(φ∧ψ∧ ~x′′′= ~x′′∧ ~y′′′= ~y′′)] //
[(φi∧χ∧ ~x′′′=~x′)]

{ ~x′′, ~y′′ . φ[ ~x′′′/~x, ~y′′′/~y]}
[φ∧ ~x′′=~x}]

{~x′ . ((∃~y)φ ∧ ψ)[~x′/~x]}
[((∃~y)φ)∧ψ∧~x′=~x] // {~x . (∃~y)φ}
is a pullbak in CT. Indeed, this easily follows from the onstrution of
pullbaks in CT given in setion 3 by invoking the rules for existential
quantiation, as in the proof for the substitution rule.
Now, the `if' part of our thesis learly follows from the stability axiom for
Grothendiek topologies. It remains to prove the `only if' part. To this end,
notie that the arrow
{ ~x′′, ~y′′ . φ[ ~x′′/~x, ~y′′/~y]}
[φ∧ ~x′′=~x}] // {~x . (∃~y)φ}
is a over in CT; so the sieve generated by it is F(U)
T
-overing by denition
of JT, sine T
T
U ⊇ JT. Hene, by the ommutativity of the square above, the
sieve generated by the arrow
{~x′ . ((∃~y)φ) ∧ ψ}
[((∃~y)φ)∧∧~x′=~x] // {~x′ . (∃~y)φ}
is F(U)
T
-overing by properties (ii) and (iv) in Denition 2.3.
This ompletes the proof of part (i) of the theorem.
(ii) We have to prove that, given V ∈ P(Sieves(CT)), if a sieve R belongs
to V
T
then any sequent in G(R) is provable in T ∪ G(V ) using geometri
logi, that is JV ⊇ V
T
. In fat, we will prove that JV is a Grothendiek
topology ontaining JT and all the sieves in V as its overing sieves; this
will learly imply our thesis.
Clearly, by denition of JV , the sieves in V belong to JV , and if R is a
JT-overing sieve then, by denition of JT, any sequent in G(R) is provable
in T, so that R belongs to JV . To prove that JV is a Grothendiek
topology, we use Denition 2.3. Property (i) is obvious, and property (ii)
easily follows from the ut rule in geometri logi. Property (iii) follows
from the proof of Theorem 3.6. It remains to prove property (iv). Sine
G(R) = G(R
JT
) for any sieve R in CT then, by Proposition 2.6 and Remark
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2.7, it sues to prove that for any sieve S generated by a monomorphism
m : d→ c and any sieve T in CT on d, if both S and T are JV -overing then
S ∗ T is JV -overing. Now, in view of the equality G(R) = G(R
JT
), our
laim easily follows from the ut rule in geometri logi, by using
Proposition 2.6, Remark 2.7 and Remark 2.4.
This onludes the proof of part (ii) of the theorem.
(iii) Let us begin by proving that G(F(U))
T
= U
T
. Note that G(F(U))
T
is
the olletion of sequents of the form G(F(σ)) as σ varies in U . If σ is
φ ⊢~x ψ then G(F(σ)) is the T-equivalene lass of the sequent φ ⊢~x φ ∧ ψ;
but this sequent is learly T-equivalent to σ, and hene G(F(U))
T
= U
T
, as
required.
We have
G(F (U)) = G(F (U))
T
= G(F(U)
T
)
T
= G(F(U))
T
T
= G(F(U))
T
= U
T
,
where the entral equality follows from part (i) of the theorem. This proves
the rst of the two equalities in part (iii) of the theorem; it remains to show
that U
T
= TU holds. The inlusion U
T
⊆ TU follows from part (i) of the
theorem, while the other one one follows as a onsequene of the rst
equality in part (iii) and from part (i) of the theorem: if σ ∈ TU then
σ ∈ {σ}
T
= G(F({σ}))
T
⊆ G(F(U))
T
= U
T
.
(iv) Let us begin by proving that F(G(V ))
T
= V
T
. Now, F(G(V ))T is the
olletion of sieves of the form F(G(R)) as R varies in V , and it is
immediate to see that F(G(R)) = R
JT
; hene our laim follows from
Proposition 2.5.
Now, by using the fat that F(G(V ))
T
= V
T
, one an prove the required
equalities as in the proof of part (iii) of the theorem, with the only
dierene that part (ii) play the role of part (i) here.

Let T be a geometri theory over a signature Σ. Given a quotient T′ of T,
let JT
T′
be the assoiated T-topology of T
′
. Then the equalities U
T
= TU
and V
T
= JV in Theorem 4.1 give the following equivalenes:
(1) for any sieve R ∈ Sieves(CT), R ∈ J
T
T′
if and only if any sequent in G(R)
is provable in T
′
;
(2) for any geometri sequent σ over Σ, σ is provable in T′ if and only if
F(σ) is JT
T′
-overing.
In partiular, we obtain the following haraterization of the syntati
topology JT on CT: a sieve R is JT-overing if and only if any sieve in G(R)
is provable in T.
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Remark 4.2. Let us briey onsider how muh of Theorem 4.1 survives for
smaller fragments of geometri logi, e.g. artesian, regular, or oherent
logi. If T is a artesian (resp. regular, oherent) theory over Σ, one an
dene exatly as above an assignment F : S → Sieves(CT), where S is the
olletion of artesian (resp. regular, oherent) sequents over Σ and CT is
the artesian (resp. regular, oherent) syntati ategory of the theory T.
Aordingly, the losure operator on P(S) sends a olletion U of sequents
in S to the olletion of artesian (resp. regular, oherent) sequents over Σ
whih are derivable from U ∪ T by using artesian (resp. regular, oherent)
logi, and it is immediate to see that the proof of part (i) of the theorem
ontinues to hold. On the ontrary, no assignment G with values in the
lass of artesian (resp. regular, oherent) sequents over Σ an be dened,
sine one should restrit to sieves generated by a monomorphism (resp. a
single arrow, a nite number of arrows); however, if we onsider G to take
values in the lass of geometri sequents over Σ as in the geometri ase
then we still still have that part (ii) of the theorem holds and that for any
presieve V in the relevant artesian (resp. regular, oherent) ategory Cart
T
(resp. Creg
T
, Coh
T
) the theory G(V
T
) is lassied by the topos Sh(Cart
T
, V
T
)
(fr. the proof of Theorem 3.6).
Remark 4.3. Given a losed geometri quotient T
′
of T, it is natural to
look for axiomatizations of T
′
over T whih are as simple as possible; this
translates, via the duality theorem, into the problem of nding a `simple as
possible' set of generators for the assoiated Grothendiek topology JT
T′
over
JT; in fat, if a olletion V of presieves in CT generates a Grothendiek
topology J , then, by Theorem 4.1(ii), TJ is axiomatized over T by the
olletion of sequents in G(V ) (note that, onversely, if a olletion U of
geometri sequents axiomatizes a quotient T
′
then, by Theorem 4.1(i) the
olletion of presieves F(U) generates over JT the Grothendiek topology
JT
T′
).
For example, one may ask if T an be axiomatized over T by geometri
sequents of the form ⊤ ⊢~x φ; this orrespond to requiring that J
T
T′
should be
generated over JT by a olletion of prinipal sieves generated by subobjets
of objets of the form {~x . ⊤}; two notable lasses of theories with this
property are the lasses of Booleanizations and DeMorganizations of a
given geometri theory (fr. [6℄).
It is often the ase that, by adopting the point of view of Grothendiek
topologies, one gets interesting insights at the level of theories. To give an
illustration of this, let us disuss the ase of the Booleanization T
′
of a
geometri theory T. Given a Heyting ategory C, let us denote by C˜ its full
subategory on the non-zero objets. Sine JT is subanonial then C˜T is
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JT-dense in CT, and the indued Grothendiek topology JT|C˜T is dense (as a
Grothendiek topology on C˜T); hene J
T
T′
is generated over JT by the sieves
generated in CT by the prinipal stably non-empty sieves in C˜T. Now, given
a Heyting ategory C and monomorphisms f : d֌ c′ and g : c′ ֌ c in C˜, it
is immediate to see that if (f), regarded as a sieve in C˜, is stably non-empty
then (f) = g∗((g ◦ f) ∪ ¬(g ◦ f)) where ∪ and ¬ respetively denote the
union and pseudoomplementation in the Heyting algebra SubC(c), and
hene (f) is the pullbak of a stably non-empty sieve in C˜ on c. Therefore,
sine every objet in CT has a monomorphism to an objet of the form
{~x . ⊤}, we dedue that JT
T′
is generated over JT by a olletion of prinipal
sieves generated by subobjets of objets of the form {~x . ⊤}, as required.
5 The lattie struture
In this setion we study the struture of the lattie of subtoposes of a given
Grothendiek topos. It is well-known that this lattie, endowed with the
obvious order relation given by the inlusion of subtoposes, is a oHeyting
algebra (see for example setion A4.5 [9℄). Our aim is to desribe this
struture in terms of Grothendiek topologies and later of theories, in view
of Theorem 3.6. In fat, as we see below, it sues to desribe the lattie
operations on the olletion of subtoposes of a given presheaf toposes.
Given an Heyting algebra H and an element a ∈ H , the olletion ↑(a) of
all the elements h ∈ H suh that h ≥ a is losed under the operations of
onjuntion, disjuntion and Heyting impliation and it is (therefore) an
Heyting algebra with respet to these operations. Indeed, the assertion
about the onjuntion and disjuntion is obvious, while the fat that b⇒c
is in ↑(a) if b and c are follows from the inequality c ≤ (b⇒c).
This remark allows us to restrit our attention to the ase of subtoposes of
a presheaf topos in order to desribe the eet of the operations of union,
intersetion and oHeyting impliation on a pair of subtoposes of a given
Grothendiek topos; indeed, the union (resp. intersetion, oHeyting
impliation) of two subtoposes of Sh(C, J) is the same as the union (resp.
intersetion, oHeyting impliation) of them in the oHeyting algebra of
subtoposes of [Cop,Set], sine the order-relation in the former lattie is
learly the restrition of the order relation in the seond (in both ases the
order being the dual of the relation `to be a subtopos of').
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5.1 The lattie operations on Grothendiek topologies
Let E = [Cop,Set] be a presheaf topos, with subobjet lassier Ω. Reall
that Ω : Cop → Set is dened by:
Ω(c) = {R | R is a sieve on c} (for any objet c ∈ C),
Ω(f) = f ∗(−) (for any arrow f in C),
where f ∗(−) denotes the operation of pullbak of sieves in C along f .
We know from Theorem 1 p. 233 [11℄ that, given a small ategory C, the
Grothendiek topologies J on C orrespond exatly to loal operators on
the topos [Cop,Set]; this orrespondene, to whih we refer as (∗), sends a
loal operator j : Ω→ Ω to the subobjet J ֌ Ω whih it lassies, that is
to the Grothendiek topology J on C dened by: S ∈ J(c) if and only if
j(c)(S) = Mc, and onversely a subobjet J ∈ Ω to the map j : Ω→ Ω
whih lassies it.
Let us reall from [11℄ (formula (7) p. 38) that, given a subobjet A֌ Ω,
its harateristi map χA : Ω→ Ω is given by the formula:
χA(c)(S) = {f : d→ c | f
∗(S) ∈ A(d)}
Let us now give an expliit desription of the internal Heyting operations
∧,∨,⇒: Ω→ Ω on our presheaf topos E (dened for example in the proof of
Lemma A1.6.3 [9℄); this will be onvenient for our purposes.
The internal onjuntion map ∧ : Ω× Ω→ Ω is the lassifying map of the
subobjet (⊤,⊤) : 1֌ Ω× Ω , so we immediately get the following
expression:
∧(c)(S, T ) = S ∩ T
for any objet c ∈ C and sieves S and T on c.
The internal disjuntion map ∨ : Ω× Ω→ Ω is the lassifying map of the
union of subobjets π∗1(⊤) and π
∗
2(⊤), where π1 and π2 are the two produt
projetions Ω× Ω→ Ω so we get
∨(c)(S, T ) = {f : d→ c | f ∗(S) ∪ f ∗(T ) = Md}
for any objet c ∈ C and sieves S and T on c.
The internal impliation map⇒: Ω× Ω→ Ω is the lassifying map of the
equalizer Ω1 ֌ Ω× Ω of ∧ and π1 so we obtain
⇒ (c)(S, T ) = {f : d→ c | f ∗(S) ⊆ f ∗(T )}
for any objet c ∈ C and sieves S and T on c.
It is immediate to hek that the order relation between loal operators on
E given by the opposite of the natural order between subtoposes transfers
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via (∗) to the following order between Grothendiek topologies on C: J ≤ J ′
if and only if for every c ∈ C, J(c) ⊆ J ′(c) i.e. every J-overing sieve is
J ′-overing. Hene, from (∗) we dedue that the relation ≤ denes an
Heyting algebra struture on the olletion of Grothendiek topologies on
the ategory C; in partiular, for any two Grothendiek topologies J and J ′
on C, there exists a meet J ∧ J ′, a join J ∨ J ′ and a Heyting impliation
J⇒J ′. We note that the bottom element of this lattie is the Grothendiek
topology ⊥ on C given by ⊥(c) = {Mc} for every c ∈ C, while the top
element is the topology ⊤ dened by: ⊤(c) = {S | S sieve on c}, for every
c ∈ C.
We an easily get an expliit expression for J ∧ J ′: S ∈ J ∧ J ′(c) if and only
if S ∈ J(c) and S ∈ J ′(c); indeed, the lass of Grothendiek topologies is
learly losed under intersetion. The join J ∨ J ′ is the smallest
Grothendiek topology K suh that J ≤ K and J ′ ≤ K, so it is the
Grothendiek topology generated by the olletion of sieves whih are either
J-overing or J ′-overing. In order to get a more expliit desription of it,
and also of the Heyting impliation between Grothendiek topologies, we
speialize A. Joyal's theory as it is desribed in A4.5 [9℄ to the ontext of
Grothendiek toposes; this will lead in partiular to an expliit desription
of the Grothendiek topology generated by a family of sieves whih is stable
under pullbaks.
First, let us make expliit in terms of the ategory C the Galois onnetion
from SubE(Ω) to itself given by the mappings D → D
r
and D → Dl
deribed p. 213 [9℄.
Given a subobjet D֌ Ω, Dr ֌ Ω and Dl ֌ Ω are dened to be
respetively
∀π2((π
∗
1(D)⇒Θ)֌ Ω
and
∀π1((π
∗
2(D)⇒Θ)֌ Ω
where π1 and π2 are the two produt projetions Ω× Ω→ Ω, π
∗
1 and π
∗
2 are
the pullbak funtors Sub(Ω)→ Sub(Ω× Ω) respetively along π1 and π2,
and Θ֌ Ω× Ω is the equalizer of π2,⇒: Ω× Ω→ Ω.
First, note that the subobjets of Ω an be identied with olletions of
sieves in C whih are stable under pullbak; in fat, from now on we will use
this identiation.
From the formulas above, we get the following expression for Θ:
Θ(c) = {(S, T ) | S and T are sieves on c s.t. for all f : d→ c,
f ∗(S) ⊆ f ∗(T ) implies f ∈ T}
for any objet c ∈ C.
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Now, by using formula (7) p. 146 [11℄, we obtain:
π∗1(D)⇒Θ = {(S, T ) | S and T are sieves on c s.t. for all f : d→ c,
(f ∗(S) ∈ D(d) and f ∗(S) ⊆ f ∗(T )) implies f ∈ T}
By using formula (15) p. 148 [11℄, we get the following desription of
∀π2(A) for a subobjet A of Ω× Ω:
∀π2(A)(c) = {R sieve on c | for all f : d→ c, Ω× f
∗(R) ⊆ A}
for any objet c ∈ C. If we apply this expression to the subobjet
π∗1(D)⇒Θ alulated above we thus obtain
Dr = {T sieve on c | for all arrows e
h
→ d
g
→ c and sieve S on d
[h∗(S) ∈ D(e) and h∗(S) ⊆ h∗(g∗(T ))] implies h ∈ g∗(T )}
Similarly, one an derive the following expression for Dl:
Dl = {S sieve on c | for all arrows e
h
→ d
g
→ c and sieve T on d
[h∗(T ) ∈ D(e) and h∗(g∗(S)) ⊆ h∗(T )] implies h ∈ T}
Notie that the formulas above an alternatively be put in the following
form:
Dr = {T sieve on c | for any arrow d
f
→ c and sieve S on d,
[S ∈ D(d) and S ⊆ f ∗(T )] implies f ∈ T}
Dl = {S sieve on c | for any arrow d
f
→ c and sieve Z on d,
[Z ∈ D(d) and f ∗(S) ⊆ Z] implies Z = Md}
Let us for example verify the equivalene of the previous expression for Dl
with this latter formulation: take g = f , h = 1d and T = Z in one diretion
and f = g ◦ h and Z = h∗(T ) in the other diretion.
From these expressions one immediately obtains the following formula:
(Dr)l = {S sieve on c | for any arrow d
f
→ c and sieve T on d,
[(for any arrow e
g
→ d and sieve Z on e
(Z ∈ D(e) and Z ⊆ g∗(T )) implies g ∈ T ) and (f ∗(S) ⊆ T )]
implies T = Md}
We reall from the proof of Corollary A4.5.13(i) [9℄ that the lassifying map
of (Dr)l is the smallest loal operator j on E suh that all the
monomorphisms in E whose lassifying map fators through D֌ Ω are
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j-dense. Let us now show that, via the identiation (∗) loal operators on
E = [Cop,Set] with Grothendiek topologies on C, this topology orresponds
exatly to the Grothendiek topology generated by D, that is the smallest
Grothendiek topology J on C suh that all the sieves in D (regarded here
as a olletion of sieves in C) are J-overing. To this end, it sues to reall
from [9℄ that, given a loal operator j on a topos E , the j-dense
monomorphisms are exatly those whose lassifying map fators through
the subobjet lassied by j; notie that if E = [Cop,Set] and j orresponds
to a Grothendiek topology J on C, this subobjet is exatly J (regarded as
a subobjet of Ω[Cop,Set]). Now, learly, all the sieves in D are J-overing if
and only if D ≤ J as subobjets of Ω, so our laim immediately follows.
Thus, our formula for (Dr)l gives an expliit desription of the Grothendiek
topology generated by D. Similarly, starting from Corollary A4.5.13(i) [9℄,
one an prove that our formula for Dl gives an expliit desription of the
largest Grothendiek topology J on C via (∗) suh that all the sieves in D
are J-losed (one replaes, in the disussion above, the subobjet J
lassifying dense monomorphisms by the subobjet ΩJ lassifying J-losed
monomorphisms, i.e. the equalizer of the arrows j, 1Ω : Ω→ Ω).
As an appliation, let us derive an expliit formula for the Heyting
operation on the olletion of Grothendiek topologies on a given small
ategory.
Example 4.5.14(f) [9℄ provides a desription of the Heyting operation on the
olletion of loal operators on a topos: given loal operators j1 and j2 on a
topos E , j1⇒j2 = (J1 ∩ Ωj2)
l
. If E = [Cop,Set] and j1, j2 orrespond to
Grothendiek topologies J1, J2 on C via (∗) then our (seond) formula for
Dl gives the following expression for J1⇒J2:
J1⇒J2(c) = {S sieve on c | for any arrow d
f
→ c and sieve Z on d
[Z is J1-overing and J2-losed and f
∗(S) ⊆ Z] implies Z = Md}
In partiular the pseudoomplement ¬J of a Grothendiek topology J on C
is given by the following formula:
¬J(c) = {S sieve on c | for any arrow d
f
→ c and sieve Z on d
[Z is J-overing and f ∗(S) ⊆ Z] implies Z = Md}
Let us now prove diretly that, given a ategory C and a olletion D of
sieves in C whih is losed under pullbak, the above formula for Dl always
denes a Grothendiek topology on C and that (Dr)l is the Grothendiek
topology on C generated by D. This will ensure that our results hold also
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for a general, not neessarily small, ategory C. In passing, note that the
Grothendiek topology on C generated by a given family of sieves F in C
an be obtained as (F
p.b.
r)l where F
p.b.
is the olletion of all the sieves in C
whih are pullbaks in C of sieves in F .
To prove that Dl is a Grothendiek topology on C, observe that Dl learly
satises the maximality and stability axioms for Grothendiek topologies; it
remains to verify that it satises the transitivity axiom. Let R and S be
sieves on c ∈ C suh that S ∈ Dl(c) and for eah s : a→ c in S,
s∗(R) ∈ Dl(a); we want to prove that R ∈ Dl(c), that is given any arrow
f : d→ c and sieve Z on d, (Z ∈ D(d) and f ∗(S) ⊆ Z) implies Z = Md.
Now, for any h ∈ f ∗(S), h∗(f ∗(R)) ⊆ h∗(Z) and hene h ∈ Z sine
(f ◦ h)∗(R) ∈ Dl(dom(h)). So f ∗(S) ⊆ Z, whih implies Z = Md sine
S ∈ Dl(c).
Let us now show that (Dr)l is the Grothendiek topology on C generated by
D; sine we already know that (Dr)l is a Grothendiek topology, this
amounts to verifying that for any Grothendiek topology K on C whih
ontains D, (Dr)l ≤ K. Let S be a sieve in (Dr)l(c); then S is K-overing if
and only if S
K
= Mc. Now, if we take f = 1c and T = S
K
in the formula
for (Dr)l, we have that for any arrow e
g
→ d and sieve Z on e, [Z ∈ D(e)
and Z ⊆ g∗(T )℄ implies that g∗(T ) is K-overing and hene maximal (being
K-losed), and f ∗(S) ⊆ T ; hene the formula gives that T is maximal, as
required.
Also, we an verify diretly that the formula for J1⇒J2 satises the
property of the Heyting impliation between J1 and J2, i.e. that for any
Grothendiek topology K on C, K ∧ J1 ≤ J2 if and only if K ≤ J1⇒J2.
Indeed, (J1⇒J2) ∧ J1 ≤ J2 sine for every S ∈ (J1⇒J2) ∧ J1(c), S ⊆ S
J2
and hene S
J2
is maximal i.e. S is J2-overing; in the other diretion, if
K ∧ J1 ≤ J2 then for any K-overing sieve S, [Z is J1-overing and
J2-losed and f
∗(S) ⊆ Z] implies that Z is K ∧ J1-overing and hene
J2-overing and J2-losed i.e. maximal.
5.2 The lattie operations on theories
By using the duality theorem, we an interpret the meaning of the lattie
operations on the olletion of Grothendiek topologies on the geometri
syntati ategory CT of a geometri theory T at the level of quotients of T.
Let us denote by ThTΣ the olletion of losed geometri theories over Σ
whih are quotients of T. By denition of the duality of Theorem 3.6, it is
lear that the order on ThTΣ orresponding to the order ≤ between
Grothendiek topologies on CT is the following: T
′ ≤ T′′ if and only if all
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the axioms of T
′
(equivalently, all the geometri sequents provable in T
′
)
are provable in T
′′
. So Theorem 3.6 gives the following result
Theorem 5.1. Let T be a geometri theory over a signature Σ. Then the
olletion ThTΣ of losed geometri theories over Σ whih are quotients of T,
endowed with the order dened by `T ≤ T′ if and only if all the axioms of T
are provable in T
′
' is an Heyting algebra.

Note in partiular that, by taking T to be the empty (geometri) theory
over Σ, we obtain that the olletion Th∅Σ of all the losed geometri
theories over Σ is an Heyting algebra.
By denition of the order in ThTΣ, we get the following desription of the
lattie operations in ThTΣ:
(i) the bottom element is the losure of T;
(ii) the top element is the ontraditory theory (that is the olletion of all
the geometri sequents over Σ);
(iii) the wedge T
′ ∧ T′′ is the largest geometri theory over Σ whih is
ontained in both T
′
and T
′′
, i.e. the olletion of geometri sequents σ over
Σ suh that σ is provable in both T and T′;
(iv) the join T
′ ∨ T′′ is the smallest losed geometri theory over Σ whih
ontains both T
′
and T
′′
, i.e the losure of the union of the axioms of T
′
and
of T
′′
;
(v) the impliation T
′⇒T′′ is the largest losed geometri theory S over Σ
suh that S ∧ T′ ≤ T′′, i.e. suh that every geometri sequent σ whih is
provable in both S and T is provable in T
′
; in partiular, the
pseudoomplement ¬T′ is the largest losed geometri theory over Σ suh
that every geometri sequent σ whih is provable in both S and T′ is
provable in T.
We note that these operations are quite natural from the logial perspetive;
however it is by no means obvious from the point of view of geometri logi
that there should exist an Heyting operation on the lattie of losed
geometri theories over a given signature, while this fat follows as a formal
onsequene of our duality theorem. Another onsequene of the theorem is
the fat that our latties ThTΣ are omplete (i.e. they are loales); indeed,
any intersetion of Grothendiek topologies is a Grothendiek topology.
Let us disuss, from the point of view of geometri logi, the fat that our
lattie ThTΣ is distributive; this is a formal onsequene of the fat that it is
an Heyting algebra, so it is true by the duality theorem, but is seems
instrutive to justify this from the point of view of geometri logi.
Expliitly, this means that for any losed geometri theories T
′
and
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{Tk | k ∈ K}, T
′∧ (∨
k∈K
Tk) =∨
k∈K
(T′∧Tk); sine the inequality ≥ is trivially
satised, this amounts to verifying that for any geometri sequent σ over Σ,
if σ is in T′ and is derivable from axioms of the Tk, then σ is derivable from
axioms of the T
′ ∧ Tk. To this end, we need the following lemma.
Lemma 5.2. Let Σ be a signature. If a geometri sequent σ ≡ φ ⊢~x ψ over
Σ is provable in the theory S = {τ ≡ φτ ⊢ ψτ | τ ∈ S} using geometri logi
then σ is provable in the theory Sσ = {φτ ∧ φ ⊢ ψτ ∨ ψ | τ ∈ S} using
geometri logi.
Proof Given a geometri sequent τ ≡ χ ⊢ ξ over Σ, for a string of
variables
~x′ of the same kind as ~x denote by W~x′(τ) the sequent
χ ∧ φ[~x′/~x] ⊢ ξ ∨ ψ[~x′/~x]. Then one an easily hek that for any instane of
an inferene rule of geometri logi, if we hoose a string
~x′ of variables
whih are not free in any of the sequents involved in it then the image via
W~x′ of the onlusion of the rule is derivable in geometri logi from the
images via W~x′ of the premises of the rule. And this fat learly implies our
thesis. 
The lemma easily implies our laim. Indeed, if we have a derivation of
σ ∈ T from axioms τ ≡ φτ ⊢ ψτ of any of the Tk then, by the lemma, we
have a derivation of σ from the sequents φ ∧ φτ ⊢ ψ ∨ ψτ , eah of whih
belongs to T, sine it is derivable from σ, and from Tk whenever στ lies in
Tk, sine φ ∧ φτ ⊢ ψ ∨ ψτ is derivable from τ .
This is an illustration of the fat that it an be very useful to use the
duality theorem to get insights into geometri logi; we will disuss other
appliations of this kind below.
5.3 The Heyting impliation in ThT
Σ
The purpose of this setion is to give an expliit logial desription of the
Heyting operation between losed quotients of a given geometri theory T.
We will ahieve this by interpreting the formula for the Heyting impliation
of Grothendiek topologies obtained above at the level of theories via the
duality theorem.
The following fat about loal operators will be useful for our purposes.
Lemma 5.3. Let E be an elementary topos and j, j′ two loal operators on
E with assoiated universal losure operators cj and cj′. Then j ≤ j
′
if and
only if for every subobjet m : A′ ֌ A in E , cj(m) ≤ cj′(m); speially, if
j ≤ j′ then for any subobjet m in E , cj′(m) = cj′(cj(m)).
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Proof Let Lj and Lj′ the artesian reetors on E assoiated respetively
to the loal operators j and j′. Reall that cj(m) is given by the pullbak
cj(A
′) //
cj(m)

LjA
′
Ljm

A
ηa // LjA
If j ≤ j′ then Lj′(Lj(m)) ∼= Lj′(m) sine Lj′ fators through Lj and they
are both artesian reetors, so if we apply the pullbak-preserving funtor
Lj′ to the pullbak above we get Lj′(cj(m)) ∼= Lj′(Lj(m)) ∼= Lj′(m); from
this it immediately follows by denition of cj′ in terms of Lj′ that
cj′(m) = cj′(cj(m)). In partiular, cj(m) ≤ cj′(m).
The onverse is lear, sine j is the lassifying map of cj(⊤) for eah loal
operator j. 
Remark 5.4. We observe that it follows immediately from the lemma that
if j ≤ j′ then for any subobjet m, if m is cj′-losed then m is cj-losed.
We shall also need the following results.
Proposition 5.5. Let C be a regular ategory, J a Grothendiek topology
on C suh that J ⊇ J regC and r : d→ c be a over in C. Then
(i) for any sieve R on c, R ∈ J(c) if and only if r∗(R) ∈ J(d);
(ii) for any sieve R on c generated by a monomorphism, R is J-losed if
and only if r∗(R) is J-losed;
(iii) for any sieve R on c, R is J-losed if and only if for any
monomorphism f : d→ c, f ∗(R) ∈ J(d) implies f ∈ R;
(iv) for any sieves R and T on c suh that T is generated by a
monomorphism, r∗(R) ⊆ r∗(T ) if and only if R ⊆ T .
Proof (i) This immediately follows from the stability and transitivity
axioms for Grothendiek topologies.
(ii) The `only if' part is obvious; let us prove the `if' part. Given an arrow
f : d→ c suh that f ∗(R) ∈ J(d) we want to prove that f ∈ R. Consider
the pullbak in C
a h //
g

d
r

b
f // c
By the ommutativity of this square and the stability axiom for
Grothendiek topologies, it follows that h∗(r∗(R)) ∈ J(a) and hene
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h ∈ r∗(R) i.e. r ◦ h ∈ R. But f ◦ g = r ◦ h ∈ R so f ◦ g ∈ R. But g is a
over and R is generated by a monomorphism so, sine overs are
orthogonal to monomorphisms (fr. Lemma A1.3.2 [9℄), we onlude that
f ∈ R, as required.
(iii) The `only if' part is obvious, so it remains to prove that if for any
monomorphism f : d֌ c, f ∗(R) ∈ J(d) implies f ∈ R, then R is J-losed.
Let g : e→ c be an arrow suh that g∗(R) ∈ J(e); we want to prove that
g ∈ R. Denoted by e
g′′
։ u
g′
֌ c the over-mono fatorization of g, we have
by part (i) of the proposition that g′∗(R) ∈ J(u); so g′ ∈ R by our
hypothesis and hene g ∈ R, as required.
(iv) The `if' part is obvious, so it remains to prove that if r∗(R) ⊆ r∗(T )
then R ⊆ T . Given f ∈ R, onsider the pullbak in C
a h //
g

d
r

b
f // c
Now, h belongs to r∗(R) and hene to r∗(T ), so f ◦ g = r ◦ h ∈ T . But g is
a over and T is generated by a monomorphism so, sine overs are
orthogonal to monomorphisms (fr. Lemma A1.3.2 [9℄), we onlude that
f ∈ T , as required. 
Proposition 5.6. Let T be a geometri theory over a signature Σ, T′ a
quotient of T and {{~xi . φi}
[θi]
→ {~y . ψ} | i ∈ I} a set of generators for a
sieve S in the syntati ategory CT of T. Then
(i) S is JT
T′
-overing if and only if ψ ⊢~y∨
i∈I
(∃~xi)θi is provable in T
′
;
(ii) S is JT
T′
-losed if and only if it is generated by a single monomorphism
and for any geometri formula ψ′(~y) suh that ψ′ ⊢~y ψ is provable in T, the
sequent ψ′ ⊢~y∨
i∈I
(∃~xi)θi is provable in T
′
(if and) only if it is provable in T.
Proof (i) This is preisely equivalene (1) after the proof of Theorem 4.1.
(ii) This follows at one from Remark 5.4, Proposition 2.6(ii), Proposition
5.5(iii) and part (i) of this proposition, by realling the well-known
identiation of subobjets of {~y . ψ} in CT with T-provable equivalene
lasses of geometri formulae ψ′(~y) over Σ suh that ψ′ ⊢~y ψ is provable in
T. 
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Having in mind Remark 4.3, let us look for a simple as possible set of
generators of J1⇒J2.
We note that the olletion K given by
K(c) = {S sieve on c | for any arrow d
f
→ c and sieve T on c
[f ∗(T ) is J1-overing and J2-losed and f
∗(S) ⊆ f ∗(T )]
implies f ∈ T}
for eah c ∈ C, generates the Grothendiek topology J1⇒J2. Indeed, all the
sieves in K are learly (J1⇒J2)-overing and if S ∈ J1⇒J2(c) then
g∗(S) ∈ K(d) for any arrow g : d→ c so that our laim follows from the
maximality and transitivity axioms for Grothendiek topologies.
Now, let us suppose that C is the syntati ategory CT of a geometri
theory T and that J1 and J2 are respetively the assoiated topologies J
T
T1
and JT
T2
of two quotients T1 and T2 of T. By Proposition 2.5(ii), K is
generated over JT by sieves generated by a single moni arrow. This remark
enables us to arrive at a simplied axiomatization of the Heyting
impliation T1⇒T2, as follows.
Before applying the formula obtained above in our ase, it is onvenient to
make a series of simpliations.
First, we observe that
K(c) = {S sieve on c | for any arrow d
f
→ c and sieve T = (t) on c
with t moni,
[f ∗(T ) is J1-overing and J2-losed and f
∗(S) ⊆ f ∗(T )]
implies f ∈ T} .
Indeed, by Proposition 2.6, T
JT
CT
is generated by a moni arrow, and if f ∗(T )
is (J1-overing and) J2-losed then f
∗(T
JT
) = f ∗(T )
JT
= f ∗(T ), where the
seond equality follows from the fat that, sine JT ⊆ J2, f
∗(T ) is JT-losed
by Remark 5.4.
Seond, we note that the quantiation over all the arrows f in the
preeding expression an be restrited to all the arrows f whih are moni,
that is we have
K(c) = {S sieve on c | for any moni arrow d
f
→ c and sieve T = (t) on c
with t moni,
[f ∗(T ) is J1-overing and J2-losed and f
∗(S) ⊆ f ∗(T )]
implies f ∈ T}
Indeed, this immediately follows from Proposition 5.5 by onsidering the
over-mono fatorization of the arrow f .
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Now, we an make a futher rewriting of our formula: sine, given a moni
arrow f : d→ c and a sieve R on d, R = f ∗(R′) where R′ is the sieve
{f ◦ g | g ∈ R}, we obtain the following equality:
K(c) = {S sieve on c | for any moni arrow d
f
→ c and sieve T = (t) on d
with t moni,
[T is J1-overing and J2-losed and f
∗(S) ⊆ T ]
implies 1d ∈ T}
We are now ready to apply this formula to the syntati ategory of our
geometri theory T. In view of Propositions 5.5(iii) and 5.6, we get the
following result.
Theorem 5.7. Let T be a geometri theory over a signature Σ and T1,T2
two quotients of T. Then T1⇒T2 is the theory obtained from T by adding
all the axioms ψ ⊢~y ψ
′
with the property that ψ′ ⊢~y ψ is provable in T and
for any geometri formulae χ, φ over Σ in the ontext ~y suh that χ ⊢y ψ
and φ ⊢~y χ are provable in T, the onjuntion of the fats
(i) χ ⊢~y φ provable in T1,
(ii) for any geometri formula ξ(~y) suh that ξ ⊢~y χ is provable in T, the
sequent ξ ⊢~y φ is provable in T2 (if and) only if it is provable in T,
(iii) ψ′ ∧ χ ⊢~y φ provable in T
implies that χ ⊢~y φ is provable in T.

In partiular, we obtain that the pseudoomplement of a quotient T
′
in ThTΣ
is the theory ¬T′ obtained from T by adding all the axioms ψ ⊢~y ψ
′
with
the property that ψ ⊢~y ψ
′
is provable in T and for any geometri formulae
χ, φ over Σ in the ontext ~y suh that χ ⊢y ψ and φ ⊢~y ψ
′
are provable in T,
the onjuntion of the fats
(i) ψ′ ⊢~y φ provable in T
′
,
(ii) ψ′ ∧ χ ⊢~y φ provable in T
implies that ψ′ ⊢~y φ is provable in T.
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6 Relativization of loal operators
In this setion we study the problem of relativizing a loal operator with
respet to another one, with appliations to the alulations of open and
quasi-losed loal operators on a topos.
Let us reall from [9℄ that for any topos E there is a bijetion between
universal losure operators on E and loal operators on E . This bijetion
sends a loal operator j : E → E to the universal losure operator cj (also
denoted cL where L is the orresponding reetor on E) dened, for eah
monomorphism m : A′ ֌ A in E , by the pullbak square
cL(A
′) //

LA′
Lm

A
ηLA // LA
where L is the artesian reetor on E orresponding to j and ηLA is the unit
of the reetion, and a losure operator c on E to the loal operator
jc : Ω→ Ω given by lassifying map of the subobjet c(1
⊤
֌ ⊤). Let us also
reall that given a loal operator j on E , the domain Ωj of the equalizer
ej : Ωj ֌ Ω of the arrows 1Ω, j : Ω→ Ω is the subobjet lassier of the
topos shj(E) and the lassifying map χm : A→ Ω of a monomorphism m in
E fators through ej if and only if m is cj-losed.
Given geometri inlusions F ′
i′ //
F
L′
oo
and F
i //
E
L
oo
, let us denote by jL′
and jL the orresponding loal operators respetively on F and E . Denoted
by Ω the subobjet lassier of E , let us dene eL : ΩL ֌ Ω to be the
equalizer of 1ΩL, jL : Ω→ Ω, eL′ : (ΩL)L′ ֌ ΩL to be the equalizer of
1Ω, jL′ : ΩL′ → ΩL′ and eL′◦L : ΩL′◦L ֌ Ω to be the equalizer of
1Ω, jL′◦L : Ω→ Ω.
Lemma 6.1. With the above notation, the omposite
(ΩL)L′
eL′ // ΩL
eL // Ω
and the arrow
ΩL′◦L
eL′◦L // Ω
are isomorphi (as objets of E/Ω).
Proof Let us prove that, given a subobjet m : A′ ֌ A in E with
lassifying map χm : A→ Ω,
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(1) χm fators through eL ◦ eL′ if and only if cL(m) = m and cL′(Lm) = Lm;
(2) χm fators through eL′◦L if and only if cL′◦L(m) = m;
(3) cL(m) = m and cL′(Lm) = Lm if and only if cL′◦L(m) = m.
(1) χm fators through eL ◦ eL′ if and only if χm fators through eL and the
fatorization χLm of χm through eL fators through eL′ ; by denition of eL,
the rst ondition preisely means that cL(m) = m, while the seond, in
view of the adjuntion HomshjL (E)(LA,ΩL)
∼= HomE(A,ΩL), is equivalent
to requiring that the subobjet in shjL(E) lassied by the fatorization
χLm : LA→ ΩL of χ
L
m through ηA : A→ LA is cL′-losed (by denition of
eL′). Now, onsider the diagram
A′
! //
m

1
⊤L

! // 1
⊤

A
χLm // ΩL
eL // Ω
where ⊤L is the fatorization of ⊤ : 1→ Ω through eL. The outer retangle
is the pullbak witnessing that χm lassies m, while the right square is
trivially a pullbak (it being ommutative and eL being moni); so we
onlude from the pullbak lemma that the left-hand square is a pullbak.
But L preserves pullbaks so we obtain that the square
LA′
! //
Lm

1
⊤L

LA
χLm // ΩL
is a pullbak, i.e. χLm lassies the subobjet Lm in shjL(E). This onludes
the proof of (1).
(2) This is immediate by denition of ΩL′◦L.
(3) By denition of cL′ and cL′◦L, we have a retangle
cL′◦L(A)
cL′◦L(m)

// cL′(LA
′)
cL′(Lm)

// L′(LA′)
L′(Lm)

A
ηLA // LA
ηL
′
LA // L′(LA)
in whih both squares are pullbaks; indeed, this follows as a onsequene
of the pullbak lemma, sine ηL
′◦L
A = η
L′
LA ◦ η
L
A. In partiular, notie that if
A is a L-sheaf then cL′◦L(m) = cL′(Lm).
Suppose cL(m) = m and cL′(Lm) = Lm. The fat that cL′(Lm) = Lm
implies, by denition of cL(m) and the fat that the left-hand square above
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is a pullbak, that cL′◦L(m) = cL(m); hene, cL(m) = m implies
cL′◦L(m) = m, as required. Conversely, suppose that cL′◦L(m) = m. Then,
by applying the pullbak-preserving funtor L to the left-hand square
above, we obtain Lm = cL′(Lm); but then, by denition of cL(m), we have
cL′◦L(m) = cL(m) and hene cL(m) = m.
Now, from (1), (2) and (3) we dedue that for any subobjet m in E , χm
fators through eL ◦ eL′ if and only if it fators through eL′◦L, so that the
thesis of the lemma follows from the Yoneda Lemma. 
The following denition will be entral for the results in this setion.
Denition 6.2. Given a topos E , loal operators j and k on E and a loal
operator k′ : Ωj → Ωj in shj(E), we say that k relativizes to k
′
at j (or that
k′ is the relativization of k at j) if the square
Ωj
k′ //
ej

Ωj
ej

Ω
k // Ω
in E ommutes.
Notie that in the denition above, sine ej is moni, there an be at most
one relativization of k at j.
The fundamental property of relativizations is given by the following result.
Theorem 6.3. Let k′ be the relativization of k at j as above. Then
(i) shk′(shj(E)) = shk∨j(E) (where k ∨ j is the join of k and j in the lattie
of loal operators on E).
(ii) for any subobjet m in shj(E), ck′(m) = ck(m).
(iii) if k ≥ j then for any subobjet m in E , ck′(Ljm) = ck(m).
Proof (i) Let s be the loal operator on E orresponding to shk′(shj(E)),
regarded as a subtopos of E via the omposite geometri inlusion
shk′(shj(E)) →֒ shj(E) →֒ E . We have to prove that es : Ωs ֌ Ω is
isomorphi to ek∨j : Ωk∨j ֌ Ω. By the Yoneda Lemma, it is equivalent to
prove that for any subobjet m : A′ ֌ A, χm fators through es if and only
if it fators through ek∨j . Now, by Lemma 6.1, χm fators through es if and
only if m is cj-losed and Lm is ck′-losed, where L is the artesian reetor
orresponding to j, while, by Example A4.5.13 [9℄, χm fators through ek∨j
if and only if m is both cj-losed and ck-losed. So we have to prove that,
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given a cj-losed subobjet m : A
′
֌ A, Lm is ck′-losed if and only if m is
ck-losed. Consider the ommutative diagram
A
ηLA

χLm
!!C
C
C
C
C
C
C
C
χm // Ω
k // Ω
LA
χLm
// Ωj
k′
//
ej
OO
Ωj
ej
OO
where the notation is that of Lemma 6.1.
From the proof of Lemma 6.1 we know that χLm is the harateristi map in
shj(E) of the subobjet Lm. By denition of Ωk, χm fators through ek (i.e.
m is ck-losed) if and only if k ◦χm = χm, while, by denition of Ω
shj(E)
k′ , χ
j
m
fators through Ω
shj(E)
k′ ֌ Ωj (i.e. Lm is ck′-losed) if and only if
k′ ◦ χjm = χ
j
m. Now, sine ej is moni and ηA is the unit of the reetion
orresponding to j, k′ ◦ χjm = χ
j
m if and only if
ej ◦ k
′ ◦ χjm ◦ ηA = ej ◦ χ
j
m ◦ ηA. But, by the ommutativity of the diagram
above, this is preisely equivalent to k ◦ χm = χm.
(ii) The ondition k ◦ ej = ej ◦ k
′ : Ωj → Ω is equivalent to the assertion that
the subobjets lassied by the maps k ◦ ej and ej ◦ k
′
are equal. Now, sine
k lassies ck(⊤) then k ◦ ej lassies e
∗
j(ck(⊤)) = ck(e
∗
j (⊤)) = ck(⊤j), where
⊤j is the fatorization of ⊤ through ej , while ej ◦ k
′
is easily seen to lassify
ck′(⊤j); so the ondition amounts to requiring that ck′(⊤j) = ck(⊤j). But
every subobjet in shj(E) is a pullbak (both in shj(E) and in E) of ⊤j ;
thus for any subobjet m in shj(E), ck′(m) = ck(m), as required.
(iii) By (ii), it sues to prove that if m is a subobjet in E then
ck(Ljm) = ck(m); this immediately follows from the denition of ck(−) as
the pullbak of Lk(−) along the unit of the adjuntion i ⊢ Lk and the fat
that if k ≥ j then Lk(m) ∼= Lk(Lj(m)). 
Now, let us onsider some instanes of relativizations.
Proposition 6.4. With the notation of Lemma 6.1, jL′ : ΩL → ΩL is the
relativization of jL′◦L at jL, that is the square
ΩjL
jL′ //
ejL

ΩjL
ejL

Ω
jL′◦L // Ω
ommutes.
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Proof We prove that the omposites ejL ◦ jL′ and jL′◦L ◦ ejL lassify the
same subobjet of shjL(E), namely cL′(⊤L).
Consider the diagram
cL′(1)
! //
cL′ (⊤L)

1
⊤L

! // 1
⊤

ΩL
jL′ // ΩL
ejL // Ω
Sine both squares in it are pullbaks we onlude by the pullbak lemma
that ejL ◦ jL′ lassies cL′(⊤L). On the other hand, if jL′◦L lassies
cL′◦L(⊤), then jL′◦L ◦ ejL lassies
e∗jL(cL′◦L(⊤)) = cL′◦L(e
∗
jL
(⊤)) = cL′◦L(⊤L); but cL′◦L(⊤L) = cL′(⊤L) (fr.
the proof of Lemma 6.1), so we are done. 
Remark 6.5. We note that all the relativizations arising as in Proposition
6.4 have the property that k ≥ j. We shall see below instanes of
relativization in whih this ondition does not hold. For the moment, let us
note that if k′ is the relativization at j of two loal operators k1 and k2 then
k1 ∨ j = k2 ∨ j. Indeed, this follows from Theorem 6.3 by realling the
identiation between subategories of sheaves on a topos and loal
operators on it.
Remark 6.6. Notie that, given k and j loal operators on a topos E ,
there exists a relativization of k at j if and only if j ◦ k ◦ ej = k ◦ ej
(equivalently, ck(⊤j) being lassied by k ◦ ej , ck(⊤j) is j-losed); in
partiular, if k ≥ j then k relativizes at j.
Conversely, given k′ loal operator on shj(E), there always exists a loal
operator k on E suh that k relativizes to k′ at j. Indeed, take k to be the
loal operator on E orresponding to the omposite of the geometri
inlusions shk′(shj(E)) →֒ shj(E) and shj(E) →֒ E ; then, by Proposition 6.4
and Remark 6.5, k relativizes to k′ at j.
Proposition 6.7. Under the hypotheses of Theorem 6.3, if k relativizes to
k′ at j then k ∨ j relativizes to k′ at j.
Proof The ondition (k ∨ j) ◦ ej = ej ◦ k
′
is equivalent to the assertion
that both maps lassify the same subobjet, equivalently that
ck∨j(⊤j) = ck(⊤j). Now, sine k ≤ k ∨ j, ck∨j(⊤j) ≥ ck(⊤j). To show that
ck∨j(⊤j) ≤ ck(⊤j) it is enough to prove, by the haraterization of the
losure of a subobjet as the smallest losed subobjet ontaining it, that
ck(⊤j) is (k ∨ j)-losed. Now, we observed in the proof of Theorem 6.3 that
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the (k ∨ j)-losed subobjets are exatly those whih are both j-losed and
k-losed so our thesis immediately follows from Remark 6.6.
Alternatively, our thesis follows as a onsequene of Theorem 6.3(i) and
Proposition 6.4. 
Let us now show that the notions of open and quasi-losed subtopos -
unlike the notion of losed subtopos - behave naturally with respet to
relativizations.
Proposition 6.8. Let E be a topos and j a loal operator on E . Given a
subterminal objet U in shj(E), the open (resp. quasi-losed) loal operator
oshj(E)(U) (resp. qcshj(E)(U)) in shj(E) assoiated to U is the relativization
at j of the open (resp. quasi-losed) loal operator oE(U) (resp. qcE(U)) in
E assoiated to U (regarded as a subterminal in E).
Proof Reall from [9℄ that oE(U) given by the omposite
Ω ∼= 1× Ω
u×1 // Ω× Ω
⇒ // Ω
where u : 1→ Ω is the lassifying map of the subobjet U , while qcE(U) is
the omposite
Ω ∼= Ω× 1
1×(u,u) // Ω× Ω× Ω
⇒×1 // Ω× Ω
⇒ // Ω
From the desription of the internal Heyting operations ∧E ,∨E ,⇒ E : Ω→ Ω
on E given in the proof of Lemma A1.6.3 [9℄, it easily follows that the
diagrams
Ωj × Ωj
ej×ej

∧shj(E) // Ωj
ej

Ωj × Ωj
ej×ej

⇒shj (E) // Ωj
ej

Ω× Ω ∧E
// Ω Ω× Ω ⇒E
// Ω
are ommutative.
Let us begin by proving that the left-hand square ommutes. The arrow
∧E : Ω× Ω→ Ω is the lassifying map of (⊤,⊤) : 1֌ Ω× Ω and
∧shj(E) : Ωj × Ωj → Ω is the lassifying map of (⊤j ,⊤j) : 1֌ Ωj × Ωj , that
is of the fatorization of (⊤,⊤) through ej × ej.
Let us prove that the omposites ej ◦ ∧shj(E) and ∧E ◦ ej lassify the same
subobjet of shj(E), namely (⊤j ,⊤j) : 1֌ Ωj × Ωj .
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Consider the diagram
1
! //
(⊤j ,⊤j)

1
⊤j

! // 1
⊤

Ωj × Ωj
∧shj(E) // Ωj
ej // Ω
Sine both squares in it are pullbaks we onlude by the pullbak lemma
that ej ◦ ∧shj(E) lassies (⊤j ,⊤j). On the other hand, if ∧E lassies
(⊤,⊤), then ∧E ◦ ej lassies e
∗
j ((⊤,⊤)) = (⊤j ,⊤j). This proves that the
square for ∧ ommutes.
Let us now prove that the square for⇒ ommutes. Ω× Ω
⇒E→ Ω is the
lassifying map of r : E ֌ Ω× Ω and Ωj × Ωj
⇒shj (E)
→ Ω is the lassifying
map of rj : Ej ֌ Ωj × Ωj , where r and rj are respetively the equalizer of
∧E , π
E
1 : Ω× Ω→ Ω and of ∧shj(E), π
shj(E)
1 : Ωj × Ωj → Ωj .
It is easy to verify, by using the ommutativity of the square for ∧, that the
pullbak of r along ej × ej is an equalizer for ∧shj(E), π
shj(E)
1 : Ωj ×Ωj → Ωj ,
and hene isomorphi to rj; from this our laim immediately follows.
Now, by denition of open and quasi-losed loal operators, the
ommutativity of the diagrams for ∧ and⇒ immediately implies our thesis,
sine if U is a subterminal in shj(E) then the lassifying map of U ֌ 1 in
shj(E) is the fatorization of its lassifying map in E through ej : Ωj ֌ Ω.

As an appliation of Theorem 6.3 and Proposition 6.8, we dedue the
following well-known fat.
Corollary 6.9. Let E be topos and j be a dense (i.e. j ≤ ¬¬) loal
operator on E . Then sh¬¬E (shj(E)) = sh¬¬(E).
Proof For any topos E , qcE(0E) = ¬¬E (fr. [9℄). The orollary then
follows from Theorem 6.3 and Proposition 6.8 by invoking the fat
(remarked in [9℄) that for a dense loal operator j on E , the inlusion
shj(E) →֒ E preserves the initial objet. 
To onlude this setion, let us remark a useful fat. Given an elementary
topos E , we denote by Lop(E) the olletion of loal operators on E ,
endowed with the Heyting algebra struture given by the anonial order
between topologies (fr. [9℄). Let us note that, given a loal operator j on
E , there is a bijetion between the olletion of loal operators k in E suh
that k ≥ j and the olletion of loal operators on shj(E). Indeed, if k ≥ j
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then the geometri inlusion shk(E) →֒ E fators (uniquely up to
isomorphism) through shj(E) →֒ E and hene it orreponds to a unique
loal operator kj on shj(E) suh that shkj (shj(E)) = shk(E), while
onversely, given a loal operator s on shj(E), the geometri inlusion given
by the omposite shs(shj(E)) →֒ shj(E) →֒ E orresponds to a unique loal
operator sj on E suh that shs(shj(E)) = shsj(E). It is lear that these two
orrespondenes are inverse to eah other. Moreover, sine the order
between loal operators on a topos orresponds exatly to the reverse
inlusion between the orresponding subategories of sheaves, we see that
these bijetions are also order-preserving, where the order between loal
operators k ≥ j on E is the (restrition of the) order in Lop(E) and the
order between loal operators on shj(E) is the order in Lop(shj(E)). Now,
reall that given a Heyting algebra H and an element a ∈ H , ↑(a) is a
Heyting algebra whih is losed under the operations of onjuntion,
disjuntion and Heyting impliation in H and hene the map
a ∨ (−) : H → ↑(a) is an Heyting algebra homomorphism. So the bijetions
(−)j and (−)
j
are isomorphisms of Heyting algebras between the
subalgebra ↑(j) of Lop(E) and Lop(shj(E)) and hene the map
(j ∨ (−))j : Lop(E)→ Lop(shj(E)) is a Heyting algebra homomorphism.
7 Open, losed, quasi-losed subtoposes
7.1 Open subtoposes
Let us reall from setion A4.5 [9℄ that an open subtopos of a topos E is a
geometri inlusion of the form E/U →֒ E for a subterminal objet U in E .
The relevant universal losure operation sends a subobjet A′ ֌ A to the
impliation (A× U)⇒A′ in the Heyting algebra Sub(A); so, if LU : E → E
is the orresponding artesian reetor, then a monomorphism A′ ֌ A is
LU -dense if and only if (A×U) ≤ A
′
in Sub(A). Thus A×U is the smallest
LU -dense subobjet of A, from whih it follows that LU is the smallest loal
operator on E suh that the monomorphism U ֌ 1 is dense (fr. the
disussion preeding Lemma A4.5.10 [9℄). From Proposition A4.3.11 [9℄ we
then dedue that a geometri morphism f : F → E fators through the
inlusion E/U →֒ E if and only if f ∗(U) = 1.
Let E be the lassifying topos Set[T] ≃ Sh(CT, JT) of a geometri theory T
over a signature Σ; we now desribe the quotient of T orresponding via
Theorem 3.6 to an open subtopos E/U →֒ E of E . Reall that the geometri
syntati ategory CT of T embeds into its ∞-pretopos ompletion
Sh(CT, JT) via the Yoneda embedding y : CT →֒ Sh(CT, JT), and under this
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identiation all the subobjets in Set[T] of an objet in CT lie again in CT.
Sine the terminal objet of E an be identied with {[] . ⊤} and the
subobjets of a given objet {~x . ψ} of CT an be identied with the
geometri formulae φ(~x) whih T-provably imply ψ(~x) (Lemma D1.4.4(iv)
[10℄), we onlude that the subterminal objet U of 1 in E orresponds to a
unique (up to T-provable equivalene) geometri sentene φ over Σ.
Alternatively, {[] . φ} arises as the domain of the subobjet of {[] . ⊤}
whih is the union of all the images of the morphisms from objets in
{c ∈ CT | U(c) = ∗} to the terminal objet of CT (fr. Proposition 2.5).
Let us reall that the Diaonesu's equivalene
Geom(F ,Sh(CT, JT)) ≃ FlatJT(CT,F) sends a geometri morphism
f : F → E to the funtor f ∗ ◦ y : CT → F (where y : CT → Sh(CT, JT) is the
Yoneda embedding) while the equivalene T-mod(F) ≃ FlatJT(CT,F) sends
eah model M ∈ T-mod(E) to the funtor FM : CT → E assigning to a
formula {~x . φ} its interpretation [[φ(~x)]]M in M . Thus, via the omposite
equivalene Geom(F ,Sh(CT, JT)) ≃ T-mod(F), the geometri morphisms
F → E whih fator through E/U →֒ E orrespond to the T-models M suh
that [[φ]]M = 1, i.e. suh that φ is satised in M . Hene we dedue that the
quotient Tφ of T obtained by adding to T the axiom ⊤ ⊢[] φ is lassied by
the topos E/U and orresponds to it the via the duality of Theorem 3.6.
Let us now desribe the eet of taking slies on the site representation of a
Grothendiek topos E as the ategory of sheaves Sh(C, J) on a ategory C
with respet to a Grothendiek topology J on C. The subterminal U an be
identied, by Remark C2.3.21 [10℄, with a J-ideal on C; if we regard this
ideal as a full subategory C′ of C (that is, C′ is the full subategory of C on
the objets c suh that U(c) ∼= 1Set) then we have
Sh(C, J)/U ≃ Sh(C′, J |C′). Indeed, we may dene an equivalene between
Sh(C, J)/U and Sh(C′, J |C′) as follows. Given a objet G→ U in
Sh(C, J)/U , for every c ∈ C not belonging to C′, G(c) = ∅, sine we have an
arrow G(c)→ U(c) and U(c) = ∅; if we assoiate to it the restrition G|C′
then we obtain a J |C′-sheaf by denition of indued Grothendiek topology
on C′. It is now lear that this assigment denes a geometri equivalene
between our two toposes; moreover, it is easy to see that the inlusion
E/U →֒ E orresponds, via the equivalene E/U ≃ Sh(C′, J |C′) to the
geometri inlusion Sh(C′, J |C′)→ Sh(C, J) indued by the morphism of
sites (C′, J |C′)→ (C, J) given by the inlusion C
′ →֒ C.
Given a topos Sh(C, J), and a subterminal objet U in it, the topos
Sh(C, J)/U is a subtopos of Sh(C, J), so it orresponds to a unique
Grothendiek topology JopenU on C suh that J
open
U ⊇ J ; let us now desribe
this topology expliitly. By Theorem 6.3 and Proposition 6.8, this topology
is J ∨ Jo(U), where Jo(U) is the Grothendiek topology on C orresponding
51
via (∗) to the open loal operator o(U) on [Cop,Set] assoiated to U . Now,
o(U) is by denition given by the omposite
Ω ∼= 1× Ω
u×1 // Ω× Ω
⇒ // Ω
where u : 1→ Ω is the lassifying map of the subobjet U . If E is the topos
[Cop,Set] then U an be identied with the full subategory CU of C on the
objets c suh that U(c) = {∗}. So u(c)(∗) = {f : d→ c | d ∈ CU} for any
objet c ∈ C. Let us put, for any c ∈ C, Z(c) = u(c)(∗). Then an easy
alulation shows that o(U) sends a sieve R on an objet c ∈ C to
{g : e→ c | g∗(Z(c)) ⊆ g∗(R)}. Hene Jo(U) is given by:
R ∈ Jo(U)(c) if and only if R ⊇ Z(c)
for any c ∈ C. In partiular, by property (ii) in Denition 2.3, Jo(U) is
generated by the sieves Z(c), as c varies in C. In passing, notie that for
any arrow f : d→ c in C, f ∗(Z(c)) = Z(d).
Finally, let us apply this disussion to the syntati representation
Sh(CT, JT) of the lassiying topos Set[T] of a geometri theory T over a
signature Σ. From our disussion above it is lear that the subterminal in
Sh(CT, JT) orresponding to a sentene φ is the representable y({[] . φ}), so
that the subategory Cφ orresponding to it is the full subategory of CT on
the objets {~x . ψ} of CT suh that there exists (exatly) one morphism
{~x . ψ} → {[] . φ} in CT. Thus, by realling the denition of morphism in
the syntati ategory CT, one immediately obtains the following
haraterization for the objets of Cφ: {~x . ψ} ∈ Cφ if and only if the
sequent ψ ⊢~x φ is provable in T.
By denition of Cφ, the sieve Z({[] . ⊤})) is generated over J by the
morphism {[] . φ}֌ {[] . ⊤} so, sine JopenU is generated by the sieves Z(c),
and for any c ∈ CT Z(c) is the pullbak of Z({[] . ⊤}) along the unique
arrow c→ {[] . ⊤}, Theorem 3.6 implies that the theory over Σ lassied by
Sh(CT, JT)/U is axiomatized over T by the sequent ⊤ ⊢[] φ (fr. Remark
4.3). We have thus reovered the result obtained at the beginning of this
setion.
7.2 Closed subtoposes
We reall from [9℄ that, given an elementary topos E and a subterminal
objet U in E , the losed loal operator c(U) assoiated to U is the
omposite
Ω ∼= 1× Ω
u×1 // Ω× Ω
∨ // Ω
52
where u : 1→ Ω is the lassifying map of the subobjet U . Unlike open and
quasi-losed loal operators, a losed loal operator on E assoiated to a
subterminal U in a subtopos shj(E) does not relativize to the losed loal
operator on shj(E) assoiated to U ; however, if E is the topos [C
op,Set] we
may easily nd a loal operator on E whih relativizes to cSh(C,J)(U).
Indeed, cSh(C,J)(U) is easily seen to be the map whih sends a J-losed sieve
R on c ∈ C to the (J-losed) sieve {f : d→ c | f ∗(Z(c)) ∪ f ∗(R) ∈ J(d)};
this naturally leads us to onsider the arrow Ω[Cop,Set] → Ω[Cop,Set] in
[Cop,Set] sending a sieve R on c ∈ C to the sieve
{f : d→ c | f ∗(Z(c))∪ f ∗(R) ∈ J(d)}. It is easily heked that this arrow is
a loal operator on [Cop,Set] (sine it orresponds via (∗) to a
Grothendiek topology, say JlosedU , on C) and that it relativizes to
cSh(C,J)(U). Thus JlosedU is given by:
R ∈ JlosedU (c) if and only if Z(c) ∪R ∈ J(c)
for any c ∈ C. Sine JlosedU ⊇ J then J
losed
U is, by Theorem 6.3, the (unique)
Grothendiek topology JlosedU on C whih orresponds to c
Sh(C,J)(U) of
Sh(C, J) (here regarded as a subtopos of [Cop,Set] via the anonial
geometri inlusion Sh(C, J) →֒ [Cop,Set]).
Now, let us give a desription of the theory T
losed
φ over Σ orresponding via
Theorem 3.6 to the losed subtopos cSh(CT,JT)(U) of the lassifying topos
Set[T] ≃ Sh(CT, JT) of T where φ is the geometri sentene over Σ
orresponding to U as above. Sine for any c ∈ CT Z(c) is the pullbak of
Z({[] . ⊤}) along the unique arrow c→ {[] . ⊤}, Theorem 3.6 and
Proposition 4.3 give the following axiomatization for T
losed
φ : T
losed
φ is
obtained from T by adding the axiom
ψ ⊢~y ψ
′
for any sequents ψ′ ⊢~y ψ and ψ ⊢~y ψ
′ ∨ (φ ∧ ψ) whih are provable in T.
7.3 Quasi-losed subtoposes
We reall from [9℄ that, given an elementary topos E and a subterminal
objet U in E , the quasi-losed loal operator qcE(U) assoiated to U is the
omposite
Ω ∼= Ω× 1
1×(u,u) // Ω× Ω× Ω
⇒×1 // Ω× Ω
⇒ // Ω
where u : 1→ Ω is the lassifying map of the subobjet U .
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If E is the topos Sh(C, J) and U is a subterminal objet U in Sh(C, J),
then qcE(U) orresponds to a unique Grothendiek topology JqU on C suh
that JqU ⊇ J ; let us desribe this topology expliitly. By Theorem 6.3 and
Proposition 6.8, this topology is J ∨ Jqc(U), where Jqc(U) is the Grothendiek
topology on C orresponding via (∗) to the quasi-losed loal operator
qc[C
op,Set](U) on [Cop,Set] assoiated to U (regarded here as a subterminal
in [Cop,Set]).
As above, let us identify U with the full subategory CU of C on the objets
c suh that U(c) = {∗} and put, for any c ∈ C,
Z(c) = u(c) = {f : d→ c | d ∈ CU} for any objet c ∈ C. In the ase
E = [Cop,Set] the loal operator qcE(U) is easily seen to send a sieve R on
c ∈ C to the sieve⇒ (c)({f : d→ c | f ∗(R) ⊆ f ∗(Z(c))}, Z(c)), and hene
Jqc(U) is given by:
R ∈ Jqc(U)(c) if and only if for any f : d→ c, (f
∗(R) ⊆ Z(d) implies f ∈ Z(c))
for any c ∈ C.
In order to speialize the above expression to the syntati site of a
geometri theory, let us observe that, if C is a geometri ategory and J
ontains the geometri topology Jgeom on C then the ondition in the
right-hand side of the equivalene is satised for f : d→ c if and only if it is
satised by the image f ′ : d′ ֌ c of f in C. Indeed, sine CU is a J-ideal
and every over generates a J-overing sieve then f ∈ Z(c) if and only if
f ′ ∈ Z(c). Now, let us prove that for any f : d→ c, f ′∗(R) ⊆ Z(d′) if and
only if f ∗(R) ⊆ Z(d).
Sine the Z(c) are stable under pullbak, f ′∗(R) ⊆ Z(d′) learly implies
f ∗(R) ⊆ Z(d). Conversely, let r : d։ d′ be the fatorization of f through
f ′; given g′ ∈ f ′∗(R), onsider the pullbak
e
r′

g′ // d
r

e′
g // d′
in C. Clearly, sine R is a sieve, g′ ∈ f ∗(R) ⊆ Z(d) and hene e ∈ CU ; but r
′
is a over, whih implies that e′ ∈ CU and hene that g
′ ∈ Z(d′), as required.
This remark enables us to ahieve a simplied desription of the theory T
q
φ
over Σ orresponding via Theorem 3.6 to the quasi-losed subtopos
qcSet[T](U) of the lassifying topos Set[T] ≃ Sh(CT, JT) of T, where φ is the
geometri sentene over Σ orresponding to a subterminal U of Set[T].
Indeed, by realling the identiation between T-provable equivalene
lasses of geometri formulae ψ′(~y) suh that ψ′ ⊢~y ψ is provable in T and
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subobjets of {~y . ψ} in CT given by Lemma D1.4.4 [10℄, we get, by
Theorem 3.6, Proposition 2.5(ii) and the syntati haraterization of Cφ
given in setion 7.1, the following axiomatization for T
q
φ : T
q
φ is obtained
from T by adding the axioms
ψ ⊢~y ψ
′
where ψ′ ⊢~y ψ is provable in T and for any geometri formula χ(~y) over Σ
suh that χ ⊢~y ψ is provable in T, χ ∧ ψ
′ ⊢y φ implies χ ⊢~y φ.
Notie that if φ is ⊥ then, in view of Remark 4.3, we reover the
Booleanization of T dened in [6℄, that is the geometri theory over Σ
obtained from T by adding the axiom
⊤ ⊢~y ψ
for any stably onsistent formula ψ(~y) with respet to T (i.e. a
formula-in-ontext ψ(~y) suh that for any geometri formula χ(~y) in the
same ontext suh that χ ⊢~y ⊥ is not provable in T, χ ∧ ψ ⊢~y ⊥ is not
provable in T).
8 The dense-losed fatorization of a
geometri inlusion
We reall from [9℄ that the dense-losed fatorization of a geometri
inlusion shj(E) →֒ E in elementary topos theory is dened to be
shj(E) →֒ shc(ext(j))(E) →֒ E , where ext(j) is the cj-losure of 0֌ 1; the
loal operator c(ext(j)) is said to be the the losure of j and denoted by j.
In this setion we interpret the meaning of this onstrution at the level of
Grothendiek toposes and later, via the duality theorem, in terms of
theories.
Let Sh(C, J) be a Grothendiek topos, aJ : [C
op,Set]→ Sh(C, J) the
assoiated sheaf funtor and J ′ a Grothendiek topology on C whih
ontains J .
Let us alulate the dense-losed fatorization of the obvious geometri
inlusion Sh(C, J ′) →֒ Sh(C, J). Let us denote by τJJ ′ the orresponding
loal operator on Sh(C, J).
The monomorphism 0֌ 1 in Sh(C, J) is the image of the morphism 0֌ 1
in [Cop,Set] via the assoiated sheaf funtor aJ : [C
op,Set]→ Sh(C, J);
from Proposition 6.4 and Theorem 6.3(iii) we then dedue that the losure
of 0֌ 1 in Sh(C, J) with respet to the loal operator orresponding to
the geometri inlusion Sh(C, J ′) →֒ Sh(C, J) is equal to the J ′-losure of
0֌ 1 in [Cop,Set]. Now, reall from [11℄ (formula (6) p. 235) that, for any
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Grothendiek topology K on C, the K-losure cK(A
′) of a subobjet
A′ ֌ E in [Cop,Set] is given by:
e ∈ cK(A
′)(c) if and only if {f : d→ c | E(f)(e) ∈ A′(d)} ∈ K(c)
Given a subterminal U in [Cop,Set], identied with the full subategory CU
of C as above in this paper, it is immediate to hek that the K-losure
cK(U ֌ 1) of U ֌ 1 in [C
op,Set] identies with the full subategory CKU on
the objets c ∈ C suh that {f : d→ c | d ∈ CU} ∈ K(c); in partiular, if
U = 0 then the objets of CK0 are exatly the objets c ∈ C suh that
∅ ∈ K(c).
By applying this disussion to our topology J ′ we obtain that ext(τJJ ′)
identies (as a subterminal objet in Sh(C, J)) with the J-ideal
CJ
′
0 = {c ∈ C | ∅ ∈ J
′(c)}. So, by realling the desription of losed loal
operators on Grothendiek toposes given in setion 7.2, we obtain that the
dense-losed fatorization of the inlusion Sh(C, J ′) →֒ Sh(C, J) is given by
Sh(C, J ′) →֒ Sh(C, Jlosed
CJ
′
0
) →֒ Sh(C, J) where the topology Jlosed
CJ
′
0
is dened
by:
R ∈ Jlosed
CJ
′
0
(c) if and only if Z(c) ∪R ∈ J(c)
where, for any c ∈ C, Z(c) = {f : d→ c | ∅ ∈ J ′(d)}.
Finally, let us study the eet of the dense-losed fatorization on theories
via the duality theorem.
Given a geometri theory T over a signature Σ and a quotient T′ of T, let
us desribe the geometri theory T
′d
T
over Σ suh that
Sh(CT, J
T
T′
) →֒ Sh(CT, J
T
T
′d
T
) →֒ Sh(CT, JT) is the dense-losed fatorization
of the inlusion Sh(CT, J
T
T′
) →֒ Sh(CT, JT).
By equivalene (1) after the proof of Theorem 4.1, we have that
∅ ∈ JT
T′
({~y . ψ}) if and only if ψ ⊢~y ⊥ is provable in T
′
. So, if φ is the
geometri sentene orresponding to the subterminal identied with C
JT
T′
0
(equivalently, {[] . φ}֌ {[] . ⊤}) is the union in CT of the images of all the
arrows {~y . ψ} → {[] . ⊤} suh that ψ ⊢~y ⊥ is provable in T
′
, fr. setion
7.1) then, in view of the results in setion 7.2, we have that T
′d
T
is obtained
from T by adding the axiom
ψ ⊢~y ψ
′
for any sequents ψ′ ⊢~y ψ and ψ ⊢~y ψ
′ ∨ (φ ∧ ψ) whih are provable in T.
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9 The surjetion-inlusion fatorization
We reall from [9℄ (Theorem A4.2.10) that every geometri morphism an
be fatored, uniquely up to anonial equivalene, as a surjetion followed
by an inlusion. In this setion we disuss the meaning of this fatorization
in terms of theories via the duality theorem.
Let us reall from the theory of lassifying toposes that, given a geometri
theory T over a signature Σ with lassifying topos E , there exists a
Σ-struture MT in E whih is `universal' among T-models i.e. whih
satises the following property: M is a T-model and for any T-model N in
a Grothendiek topos F there exists a unique (up to isomorphism)
geometri morphism fM : F → E suh that f
∗
M(MT) = N . Thus, any
geometri morphism f into E is (up to isomorphism) of the form fM for a
(unique up to isomorphism) T-model M ; indeed, M ∼= f ∗(MT).
Given a Σ-struture M in a topos G, let us dene Th(M) to be the theory
over Σ onsisting of all the geometri sequents σ over Σ whih hold in M ;
note that, by the soundess theorem for geometri logi, Th(M) is a losed
theory.
Theorem 9.1. Let T be a geometri theory over a signature Σ and
f : F → E be a geometri morphism into the lassifying topos E for T,
orresponding to a T-model M in F as above. Then the topos E ′ in the
surjetion-inlusion fatorization F ։ E ′ →֒ E of f lassies the quotient
Th(M) of T.
Proof Let us denote by F
f ′
։ E ′
i
→֒ E the surjetion-inlusion fatorization
of f . Sine i is a geometri inlusion to the lassifying topos of T, i
orresponds via the duality theorem to a unique losed quotient T
′
of T
suh that E ′ is a lassifying topos of T′. We want to prove that
T
′ = Th(M). From the proof of Theorem 3.6 we know that, if MT is the
universal model of T then i∗(MT) is a universal model MT′ for T
′
. So f ′
orresponds to the T
′
-model M via the universal property of the lassifying
topos of T
′
, sine f ′∗(MT′) = f
′∗(i∗(MT)) ∼= f
∗(MT) = M . Now, sine f
′
is a
surjetion then, by Lemma D1.2.13 [10℄, M is a onservative T′-model, from
whih it follows that T
′ = Th(M). 
Remark 9.2. The theorem implies that if T is a losed geometri theory
over a (many-sorted) signature Σ and M is a onservative T-model then fM
is a surjetion. Indeed, the subtopos of Set[T] arising in the
surjetion-inlusion fatorization of f oinides with Set[T], sine it
orresponds via Theorem 3.6 to Th(M) = T. This result generalizes
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Corollary D3.2.6 [10℄, whih was proved under the assumption that Σ be
one-sorted.
10 Atoms
In this setion we desribe the atoms of the lattie of subtoposes of a given
elementary topos, that is the non-trivial toposes having no proper
subtoposes (we reall that a topos E is said to be trivial if it is naturally
equivalent to the ategory one having just one objet and the idenity
morphism on it, equivalently if it is degenerate i.e. 0E ∼= 1E).
Proposition 10.1. Let E be an elementary topos. Then the atoms of the
lattie of subtoposes of E are exatly the two-valued Boolean subtoposes of E .
Proof Our thesis follows as an immediate onsequene of the following two
fats. First, every non-trivial topos ontains a non-trivial Boolean subtopos;
seond, a non-trivial Boolean topos does not ontain any proper subtoposes
if and only if it is two-valued. To prove the rst assertion, we note that if E
is non-trivial then sh¬¬(E) is again non-trivial; indeed, 1E learly belongs to
sh¬¬(E) while 0E belongs to sh¬¬(E) sine ¬¬ is a dense loal operator on
E (fr. p. 219 [9℄), so if sh¬¬(E) is trivial then 0E ∼= 1E i.e. E is trivial. The
fat that sh¬¬(E) is Boolean is well-known (see for example Lemma A4.5.22
[9℄). This ompletes the proof of the rst fat. It remains to prove the
seond assertion. Let us observe that, given two subterminal objets U and
V in E , the subtopos E/U →֒ E is ontained in the subtopos E/V →֒ E if
and only if U ≤ V in the lattie SubE(1E). Indeed, it follows from our
disussion in setion 7.1 above that E/U →֒ E fators through E/V →֒ E if
and only if the projetion U × V → U is isomorphi to the terminal objet
1U : U → U in E/U , and, sine for any objet there an be at most one
morphism from it to a given subterminal objet, this ondition is equivalent
to requiring that U ≤ V (equivalently, U ≤ U × V ). Now, if E is Boolean
then all the subtoposes of E are open (by Proposition A4.5.22 [9℄), so that
we have a lattie isomorphism between SubE(1E) and the lattie of
subtoposes of E ; therefore a non-trivial Boolen topos does not ontain any
proper subtoposes if and only if it is two-valued. 
Remark 10.2. We note that if a Grothendiek topos E has enough points
then E is Boolean and two-valued if and only if it is atomi and onneted.
Indeed, we know from Corollary D3.5.2 [10℄ that every Boolean
Grothendiek topos with enough points is atomi, and an atomi topos is
two-valued if and only if it is onneted (fr. the proof of Theorem 2.5 [5℄)
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Now we want to understand, in view of Theorem 3.6, the meaning of
Proposition 10.1 in terms of theories. To this end, let us reall from [7℄
some denitions.
Denition 10.3. Let T be a geometri theory over a signature Σ. T is said
to be Boolean if it lassifying topos is a Boolean topos.
Given two geometri formulae φ and ψ over Σ in the same ontext ~x, we
write φ
T
∼ ψ to mean that both the sequents φ ⊢~x ψ and ψ ⊢~x φ are
provable in T.
Remark 10.4. We reall from [6℄ that a geometri theory T over a
signature Σ is a Boolean if and only if for every geometri formula φ(~x)
over Σ there exists a geometri formula ψ(~x) over Σ in the same ontext,
denoted ¬φ(~x), suh that φ(~x) ∧ ψ(~x)
T
∼ ⊥ and φ(~x) ∨ ψ(~x)
T
∼ ⊤.
From this riterion, it easily follows that if T is a Boolean then every
innitary rst-order formula over Σ is T-provably equivalent using lassial
logi to a geometri formula in the same ontext; indeed, this an be proved
by an indutive argument as in the proof of Theorem D3.4.6 p. 921 [10℄ (in
the ase of an innitary onjuntion∧
i∈I
φi, we observe that this formula is
equivalent in lassial logi to the formula ¬(∨
i∈I
¬φi), where the symbol ¬
here denotes the rst-order negation. Notie that from the fat that every
innitary rst-order formula is lassially equivalent in T to a geometri
formula, it follows from the axioms of innitary rst-order logi for
impliation and innitary onjuntion that the rst-order impliation
between geometri formulae is lassially provably equivalent in T to the
Heyting impliation between them in the relevant subobjet lattie of CT,
while the innitary onjuntion of a family of geometri formulae is
lassially provably equivalent in T to the inmum of the family in that
lattie.
Denition 10.5. Let T be a geometri theory. T is said to be atomi if its
lassifying topos Set[T] is an atomi topos.
Denition 10.6. Let T be a geometri theory over a signature Σ. T is said
to have enough models if for every geometri sequent σ over Σ, M  σ for
all the T-models M in Set implies that σ is provable in T.
Remark 10.7. It was observed in [7℄ (Proposition 2.3) that a theory has
enough models if and only if its lassifying topos has enough points.
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Denition 10.8. Let T be a geometri theory over a signature Σ. T is said
to be omplete if every geometri sentene φ over Σ is T-provably
equivalent to ⊤ or ⊥, but not both.
Remark 10.9. A geometri theory T over a signature Σ is omplete if and
only if its lassifying topos is two-valued (i.e. it has exatly two subobjets
of 1); indeed, we observed in setion 7.1 that the subobjets of the
lassifying topos Set[T] an be identied with the T-provable equivalene
lasses of geometri sentenes over Σ.
Denition 10.10. Let T be a geometri theory over a signature Σ. T is
said to be ontraditory if ⊤ ⊢[] ⊥ is provable in T.
Remark 10.11. A geometri theory is ontraditory if and only if its
lassifying topos is trivial. Indeed, it is easy to verify that if T is
ontraditory then the trivial topos satises the universal property of the
lassifying topos of T, and that, onversely, if the lassifying topos of T is
trivial then ⊥ holds in it and hene ⊤ ⊢[] ⊥ is provable in T.
The following proposition represents the translation of Proposition 10.1 in
terms of theories via Theorem 3.6.
Proposition 10.12. Let T be a geometri theory over a signature Σ. Then
the non-ontraditory quotients T
′
of T suh that for every geometri
sequent σ over Σ either σ is provable in T or the theory T ∪ {σ} is
ontraditory are exatly the Boolean and omplete theories.

Remark 10.13. We note that the `if' diretion in the proposition above
an be easily proved without appealing to the duality theorem as follows. If
T is Boolean then given a geometri sequent φ ⊢~x ψ over Σ, it is lear that
φ ⊢~x ψ is provable in T if and only if the innitary rst-order sentene
∀~x(φ→ ψ) is. Now, by Remark 10.4, this formula is T-provably equivalent
using lassial logi to a geometri sentene, and this sentene is T-provably
equivalent to ⊤ or ⊥ sine T is omplete.
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11 Toposes with enough points
A point of a Grothendiek topos E is a geometri morphism p : Set→ E ; if
E is the lassifying topos Set[T] of a geometri theory T then the points of
E orrespond preisely to the models of T in Set. Let us reall from [10℄
that a Grothendiek topos E is said to have enough points if the inverse
image funtors f ∗ of the geometri morphisms f : Set→ E are jointly
onservative. If E is the lassifying topos Set[T] of a geometri theory T
over a signature Σ then E has enough points if and only if T has enough
models (fr. Proposition 2.3 [7℄).
Reall that a model M of a geometri theory T is said to be onservative if
for any geometri sequent σ over Σ, M  σ implies σ provable in T. Thus a
geometri theory has enough models if and only if its Set-models are
jointly onservative.
Given a point p of a topos E , let us denote by Ep →֒ E the inlusion part of
the surjetion-inlusion fatorization of p. By Theorem 9.1, if E = Set[T]
then Ep lassies Th(M) where M is the T-model orresponding to p.
Given a Grothendiek topos E , let us dene the subtopos Epoints of points of
E to be the union of all the subtoposes Ep of E as p varies among the points
of E (suh union exists beause, dually, any intersetion of Grothendiek
topologies is a Grothendiek topology).
From Theorem 3.6 and the desription of the (innitary) wedge in ThTΣ, the
topos Set[T]points lassies the intersetion of all the theories Th(M) as M
varies among the T-models M in Set; in partiular Set[T] oinides with
Set[T]points if and only if it has enough points. Notie that, obviously, any
intersetion in ThTΣ of theories of the form Th(M) (for a T-model M in
Set) has enough models; in partiular, all the toposes of the form
Set[T]points have enough points. So we onlude that, given a geometri
theory T, the quotients of T having enough models are exatly the
intersetions in ThTΣ of theories of the form Th(M) (where M is a T-model
in Set). Hene, sine every Grothendiek topos is (equivalent to) the
lassifying topos of a geometri theory, we obtain the following equivalent
topos-theoreti statement: the subtoposes of a Grothendiek topos E whih
have enough points are exatly the unions of subtoposes of the form Ep
where p is a point of E .
Finally, we note that, given an atom F in the lattie of subtoposes of a
Grothendiek topos E i.e. a Boolean and two-valued subtopos F of E (fr.
setion 10 above), if F has enough points then F is of the form Ep for a
point p of E . Indeed, it is lear that a topos with enough points has a point
if and only if it is non-trivial.
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12 Skeletal inlusions
Reall from [10℄ that a geometri morphism f : F → E is said to be skeletal
if it restrits to a geometri morphism sh¬¬(F)→ sh¬¬(E). By Lemma
D4.6.10 [10℄, a geometri inlusion f : F → E orresponding to a loal
operator j on E is skeletal if and only if ext(j) is a ¬¬-losed subterminal
objet of E .
Let us use the notation of setion 8 above. Given the anonial geometri
inlusion Sh(C, J ′) →֒ Sh(C, J) orresponding to an inlusion J ⊆ J ′,
ext(τJJ ′) identies (as a subterminal objet in Sh(C, J)) with the J-ideal
CJ
′
0 = {c ∈ C | ∅ ∈ J
′(c)}. Now, onsider the full subategory C˜ of C on the
objets whih are not J-overed by the empty sieve; C˜ is J-dense in C, and
hene, by the Comparison Lemma, Sh(C, J) ≃ Sh(C˜, J |C˜), where J |C˜ is the
indued Grothendiek topology on C˜. Moreover, J |C˜ is dense i.e.
J |C˜ ≤ ¬¬[C˜op,Set]. Thus, by Corollary 6.9 and Theorem 6.3(ii), ext(τ
J
J ′) is
¬¬
Sh(C˜,J |C˜)-losed (as a subterminal in Sh(C˜, J |C˜)) if and only if ext(τ
J
J ′) is
¬¬[C˜op,Set]-losed (as a subterminal in [C˜
op,Set]). But ¬¬[C˜op,Set] is
well-known to orrespond to the dense topology on C˜ i.e. to the
Grothendiek topology on C˜ whose overing sieves are exatly the stably
non-empty ones; so, by formula (6) p. 235 [11℄, we obtain that ext(τJJ ′) is
¬¬[C˜op,Set]-losed if and only if for any c ∈ C˜, `{f : d→ c in C˜ | d ∈ C
J ′
0 }
stably non-empty in C˜' implies `c ∈ CJ
′
0 '.
Hene the geometri inlusion Sh(C, J ′) →֒ Sh(C, J) is skeletal if and only
if for any c ∈ C˜, `Z(c) = {f : d→ c in C˜ | ∅ ∈ J ′(d)} stably non-empty in C˜'
implies `∅ ∈ J ′(c)'.
Now, let us interpret the meaning of the notion of skeletal inlusion at the
level of theories, via the duality theorem. Speially, given a geometri
theory T over a signature Σ, let us desribe the quotients T′ of T suh that
the geometri inlusion Sh(CT, J
T
T′
) →֒ Sh(CT, JT) is skeletal.
By the equivalene (1) after the proof of Theorem 4.1, we have that
∅ ∈ JT
T′
({~y . ψ}) if and only if ψ ⊢~y ⊥ is provable in T
′
. Given an objet
{~y . ψ} ∈ CT, let us denote by {~y . ψT′}֌ {~y . ψ} the subobjet in CT given
by the union in CT of all the subobjets {~y . ψ
′} → {~y . ψ} suh that
ψ′ ⊢~y ⊥ is provable in T
′
. Then, realling the results in [6℄, we obtain the
following ondition for Sh(CT, J
T
T′
) →֒ Sh(CT, JT) to be skeletal (below by a
T-onsistent geometri formula we mean a geometri formula φ(~x) suh
that φ ⊢~x ⊥ is not provable in T):
`for any geometri formula ψ(~y) over Σ, if ψT′(~y) is T-onsistent and for any
T-onsistent geometri formula χ(~y) over Σ suh that χ ⊢~y ψ is provable in
T, (χ ∧ ψT′)(~y) is T-onsistent then ψ ⊢~y ⊥ is provable in T
′
'.
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13 Some appliations
13.1 Open and losed quotients
Let T be a geometri theory over a signature Σ. Given an elementary topos
E , it is well-known that the open and losed subtoposes assoiated to a
given subterminal objet are omplementary to eah other in Lop(E).
From this we dedue, by the duality theorem, that the open and losed
quotients Tφ and T
losed
φ of T orresponding to a given geometri sentene φ
are omplementary to eah other in ThTΣ; note that this an also be proved
diretly by logial arguments. Also, we know from the theory of elementary
toposes that if U and V are omplemented subterminals in a topos E then
o(U) = c(V ); this implies, by the duality theorem, that if φ and ψ are two
geometri sentenes suh that ⊤ ⊢[] φ ∨ ψ and φ ∧ ψ ⊢[] ⊥ then Tφ = T
losed
ψ ;
again, this an be easily proved diretly by logial arguments.
Now, let us reall the following fat about elementary toposes (fr.
Proposition A4.5.22 [9℄): an elementary topos is Boolean if and only if
every subtopos of it is open. It is interesting to interpret the `only if' part
of this statement at the level of theories via the duality theorem.
If T is a Boolean geometri theory over a signature Σ and T′ is a quotient
of T, we want to show that there exists a geometri sentene φ over Σ suh
that T
′
is syntatially equivalent to Tφ. For any axiom σ = φ ⊢~x ψ of T
′
,
onsider the geometri formula U(σ) over Σ lassially equivalent in T (as
in Remark 10.4) to the innitary rst-order formula ∀~x(φ→ ψ). Now, there
is only a set of suh formulae U(σ) over Σ up to T-provable equivalene, the
geometri syntati ategory CT being well-powered, so we an take φ to be
a geometri sentene whih is lassially equivalent in T to their innitary
onjuntion (as in Remark 10.4); it is now immediate to see that φ has the
required property.
13.2 A dedution theorem for geometri logi
The following result is the analogue for geometri logi of the dedution
theorem in lassial rst-order logi; we will derive it by using our duality
theorem.
Theorem 13.1. Let T be a geometri theory over a signature Σ and φ, ψ
two geometri sentenes over Σ suh that the sequent ⊤ ⊢[] ψ is provable in
the theory T ∪ {⊤ ⊢[] φ}. Then the sequent φ ⊢[] ψ is provable in the theory
T.
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Proof By the duality theorem and Lemma D1.4.4 [10℄, we an rephrase
our thesis as follows: if {[] . ψ}
[ψ]
֌ {[] . ⊤} belongs to the Grothendiek
topology generated by the JT-overing sieves and the prinipal sieve
generated by {[] . φ}
[φ]
֌ {[] . ⊤}, then [φ] ≤ [ψ] in SubCT({[] . ⊤}).
Now, by realling that the syntati topology JT is the geometri topology
on the ategory CT and Proposition 2.8, we an further rewrite our thesis as
follows: if C is a geometri ategory and JgeomC is the geometri topology on
it then, given subobjets m : a֌ 1 and n : b֌ 1 of the terminal objet 1
in C suh that (n) belongs to the Grothendiek topology generated by the
JgeomC -overing sieves and the sieve (m), m ≤ n in SubC(1).
Let us use the formula for the Grothendiek topology (Dr)l generated by a
family of sieves D that is stable under pullbak, whih we obtained in
setion 5. Here we take D to be the olletion of all the sieves whih are
either JgeomC -overing or of the form f
∗((m)) for a arrow f with odomain 1;
so, starting from the assumption that (n) ∈ (Dr)l(b), we want to dedue
that m ≤ n in SubC(1).
We note that m ≤ n if and only if m ≤ (m⇒n), if and only if
m∗(m⇒n) ∼= 1a (where⇒ denotes the Heyting impliation in SubC(1)).
Now, from the simplied formula for Dl we see that, sine n ≤ (m⇒n), in
order to prove that m∗(m⇒n) ∼= 1a it sues to show that
m∗((m⇒n)) ∈ Dr(a) (in the formula one takes Z to be m∗((m⇒n)), S to
be (n) and f to be m); in fat, we will prove that (m⇒n) ∈ Dr(1), whih
implies that m∗((m⇒n)) ∈ Dr(a) sine Dr is stable under pullbak.
By the simplied formula for Dr, we are redued to prove that for any
arrow f : d→ 1 with odomain 1 and any sieve S on d suh that S ∈ D(d),
S ⊂ f ∗((m⇒n)) implies 1d ∈ f
∗((m⇒n)). Now, if S ∈ D(d) then there are
two options: either S is JgeomC -overing or (sine 1 is a terminal objet) S is
equal to f ∗((m)). In the rst ase, we have that f ∗((m⇒n)) is therefore
JgeomC -overing and hene, being generated by a monomorphism, maximal,
as required. In the seond ase, we have that f ∗(m) ≤ f ∗(m⇒n). But
f ∗(m⇒n) = f ∗(m)⇒f ∗(n) (fr. p. 41 [9℄) and hene f ∗(m) ≤ f ∗(m⇒n)
implies f ∗(m) ≤ f ∗(n) i.e. 1d ∈ f
∗((m⇒n)). 
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14 The quotients of a theory of presheaf type
In the rst part of this paper, we have desribed the lassifying topos of the
quotient of a geometri theory in a syntati way. Often, it is natural to
present theories as quotients of a theory of presheaf type; as we shall see
below, this approah has the advantage that, under appropriate hypotheses,
it is possible to obtain a `semanti' representation for the lassifying topos
of the given quotient. The purpose of this setion is in fat to disuss the
relationship between these syntati and semanti representations of a given
lassifying topos.
The notation in this setion is borrowed from [10℄.
Let us reall that an objet c of a nitely aessible ategory is said to be
nitely presentable if the representable funtor HomC(c,−) : C → Set
preserves ltered olimits.
Denition 14.1. A geometri theory T is said to be of presheaf type if it
is lassied by a presheaf topos.
Remark 14.2. Note that a theory T is of presheaf type if and only if it is
lassied by the topos [C,Set], where C := f.p.T-mod(Set) is the ategory
of nitely presentable T-models in Set i.e. the full subategory of
T-mod(Set) on the nitely presentable objets. To prove this reall that,
by Diaonesu's theorem, we have an equivalene of ategories
T-mod(Set) ≃ Flat(Cop,Set) = Ind-C. Hene the ategory T-mod(Set) is
nitely aessible and the Cauhy ompletion Cˇ of the ategory C is
reoverable (up to equivalene) from Ind-C as the full subategory
Cˇ ≃ f.p.T-mod(Set) of nitely presentable objets (fr. Proposition C4.2.2
[10℄); but [C,Set] and [Cˇ,Set] are naturally equivalent (fr. Corollary
A1.1.9 [9℄), from whih our laim follows. Thus, by Diaonesu's theorem,
any theory of presheaf type T is Morita-equivalent to the theory of at
funtors on f.p.T-mod(Set)op, that is we have an equivalene of ategories
T-mod(E) ≃ Flat(f.p.T-mod(Set)op, E) natural in E ∈ BTop.
14.1 The axiomatization of homogeneous models with
respet to a Grothendiek topology
Let T be a theory of presheaf type, together with an equivalene
ξE : Flat(f.p.T-mod(Set)op, E)→ T-mod(E) natural in E ∈ Btop. If
y : f.p.T-mod(Set)→ [f.p.T-mod(Set)op,Set] is the Yoneda embedding
then the fatorization of the omposite
ξSet ◦ y : f.p.T-mod(Set)→ T-mod(Set) through the inlusion
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i : f.p.T-mod(Set) →֒ T-mod(Set) is an equivalene
τ ξ : f.p.T-mod(Set)→ f.p.T-mod(Set).
Let us reall from [4℄ that, given a at funtor F : f.p.T-mod(Set)op → E ,
we have the `Yoneda representation'
F ◦ τ ξ ∼= HomET-mod(E)(γ
∗
E(i(−)),MF ),
where γE : E → Set is the unique geometri morphism from E to Set and
MF is the T-model in E orresponding to F ∈ Flat(f.p.T-mod(Set)
op, E)
via the equivalene ξE : Flat(f.p.T-mod(Set)op, E)→ T-mod(E).
We note that, given an equivalene ξ for a theory of presheaf type T as
above, we an modify ξ so that τ ξ beomes the identity on f.p.T-mod(Set).
Indeed, omposing with (τ ξ)−1 gives rise to an equivalene
((−) ◦ (τ ξ)−1)E : Flat(f.p.T-mod(Set)op, E)→ Flat(f.p.T-mod(Set)op, E)
natural in E ∈ Btop, and it easily follows from the Yoneda representation
and the Yoneda Lemma that the omposite equivalene
ξ′ := ξ ◦ ((−) ◦ (τ ξ)−1) is suh that τ ξ
′ ∼= 1
f.p.T-mod(Set). In fat, given a
theory of presheaf type T, we will assume below that T omes equipped
with an equivalene ξ satisfying the ondition τ ξ
′ ∼= 1
f.p.T-mod(Set); we will
all suh an equivalene anonial, and, aordingly, we will say that an
equivalene χE : T-mod(E) ≃ Geom(E , [f.p.T-mod(Set),Set]) natural in
E ∈ Btop is anonial if it is indued by a anonial equivalene
ξE : Flat(f.p.T-mod(Set)op, E)→ T-mod(E) by omposition with
Diaonesu's equivalene.
Let us also reall from [4℄ the following denition.
Denition 14.3. Let T be a theory of presheaf type, E a Grothendiek
topos and S a sieve in f.p.T-mod(Set)op on an objet c ∈ f.p.T-mod(Set).
A model M ∈ T-mod(E) is said to be S-homogeneous if and only if for eah
objet E ∈ E and arrow y : E∗(γ∗E(i(c)))→ E
∗(M) in T-mod(E/E) there
exists an epimorphi family (pf : Ef → E, f ∈ S) and for eah arrow
f : c→ d in S an arrow uf : E
∗
f (γ
∗
E(i(d)))→ E
∗
f (M) in T-mod(E/E) suh
that p∗f(y) = uf ◦ E
∗
f (γ
∗
E(i(f))).
If J is a Grothendiek topology on f.p.T-mod(Set)op then M is said to be
J-homogeneous if it is S-homogeneous for every J-overing sieve S.
Thus, from the Yoneda representation above, it follows that F is
J-ontinuous if and only MF is J-homogeneous. Speially, we have the
following result (Theorem 4.6 [4℄): given a theory of presheaf type T,
together with a anonial equivalene
χE : T-mod(E) ≃ Geom(E , [f.p.T-mod(Set),Set]) natural in E ∈ Btop, a
Grothendiek topology J on f.p.T-mod(Set)op, and a quotient T′ of T with
66
the orresponding inlusions iE
T′
: T′-mod(E) →֒ T-mod(E) as in Remark 3.7,
the diagram in Cat
T
′
-mod(E) ≃ //
iE
T′

Geom(E ,Sh(f.p.T-mod(Set)op, J))
i◦−

T-mod(E) ≃
χE
//Geom(E , [f.p.T-mod(Set),Set])
ommutes (up to invertible natural equivalene) naturally in E ∈ BTop if
and only if the T
′
-models are exatly the J-homogeneous T-models in every
E ∈ Btop.
The following theorem implies that J-homogeneous models are always
axiomatizable by geometri sequents in the signature of T.
Theorem 14.4. Let T be a theory of presheaf type and J a Grothendiek
topology on f.p.T-mod(Set)op. Then there exists a (unique up to syntati
equivalene) geometri quotient T
′
of T suh that the T
′
-models are exatly
the J-homogeneous T-models in every Grothendiek topos.
Proof Via the equivalene [f.p.T-mod(Set),Set] ≃ Sh(CT, JT), given by
the uniqueness (up to equivalene) of the lassifying topos of T, the
geometri inlusion Sh(f.p.T-mod(Set)op, J) →֒ [f.p.T-mod(Set),Set]
orresponds to a subtopos of Sh(CT, JT), and hene the (losed) quotient of
T orresponding to this inlusion via the duality theorem axiomatizes the
J-homogeneous T-models, by Remark 3.7 and the disussion preeding
Theorem 14.4. 
In some ases of interest one an easily obtain an expliit axiomatization of
the quotient T
′
in the theorem. For example, if the ategory
f.p.T-mod(Set)op satises the right Ore ondition and Jat is the atomi
topology on it, then the geometri inlusion
Sh(f.p.T-mod(Set)op, Jat) →֒ f.p.T-mod(Set) orresponds to the subtopos
sh¬¬(Sh(CT, JT)) of Sh(CT, JT), and hene the Jat-homogeneous models are
axiomatized by the Booleanization of T (fr. [6℄).
Analogously, one an ahieve a syntati desription of the geometri
quotient of T orresponding to the De Morgan topology on the ategory
f.p.T-mod(Set)op; this is the DeMorganization of T, as it is dened in [6℄.
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14.2 Finitely presented models of a theory of presheaf
type
The following denition will be entral in this setion.
Denition 14.5. Let T be a geometri theory over a signature Σ and
φ(xA11 , . . . , x
An
n ) be a geometri formula over Σ. We say that a T-model M
in Set is nitely presented by φ (or that φ presents M) if there exists a
string of elements (ξ1, . . . , ξn) ∈MA1 × . . .MAn, alled the generators of
M , suh that for any T-model N in Set and string of elements
(b1, . . . , bn) ∈MA1 × . . .MAn suh that (b1, . . . , bn) ∈ [[φ]]N , there exists a
unique arrow f(b1,...,bn) : M → N in T-mod(Set) suh that
(fA1 × . . . fAn)((ξ1, . . . , ξn)) = (b1, . . . , bn).
Of ourse, there an be at most one (up to isomorphism) T-model nitely
presented by a given formula φ; we will denote suh model by Mφ.
Given a geometri theory T over a signature Σ and a geometri formula
φ(xA11 , . . . , x
An
n ) over Σ, let us onsider the funtor Fφ : T-mod(Set)→ Set
whih sends to eah model N ∈ T-mod(Set) (the domain of) the
interpretation [[φ]]N of φ in N and ats on arrows in the obvious way. The
funtor Fφ preserves ltered olimits (fr. the proof of Lemma D2.4.9 [10℄)
so if it is representable then the representing objet is a nitely presentable
model. Notie that, by the Yoneda Lemma, Fφ is representable if and only
if there exists a T-model nitely presented by φ. From this it follows that
every nitely presented model of a geometri theory T is nitely
presentable; the onverse is always true if T is artesian (fr. pp. 882-883
[10℄), but not in general (fr. the oherent theory of elds in [8℄).
Suppose that T is a theory of presheaf type and T
′
is a quotient of T
obtained from T by adding axioms σ of the form φ ⊢~x∨
i∈I
(∃~yi)θi, where, for
any i ∈ I, [θi] : {~yi . ψ} → {~x . φ} is an arrow in CT and φ(~x), ψ(~yi) are
formulae presenting respetively T-models Mφ and Mψi .
For eah suh axiom φ ⊢~x∨
i∈I
(∃~yi)θi, onsider the osieve Sσ on Mφ in
f.p.T-mod(Set) dened as follows. For eah i ∈ I, [[θi]]Mψi is the graph of a
morphism [[~yi . ψi]]Mψi → [[~x . φ]]Mψi ; then the image of the generators of
Mψi via this morphism is an element of [[~x . φ]]Mψi and this in turn
determines, by denition of Mφ, a unique arrow si : Mφ →Mψi in
T-mod(Set). We dene Sσ as the sieve in f.p.T-mod(Set)
op
on Mφ
generated by the arrows si as i varies in I.
Let F : f.p.T-mod(Set)op → E be a at funtor; if Mφ ∈ f.p.T-mod(Set) is
a nitely presented T-model then F (Mφ) = [[φ]]MF where MF is the
T-model in E orresponding to F via the Morita-equivalene. Indeed,
68
denoted by g : E → Set[T] ≃ [f.p.T-mod(Set),Set] the geometri morphism
orresponding to F via the universal property of the lassifying topos, we
have that F = g∗ ◦ y where y : f.p.T-mod(Set)op → [f.p.T-mod(Set),Set] is
the Yoneda embedding; but MF = g
∗(MT) where MT is the universal model
of T lying in the lassifying topos Set[T] ≃ [f.p.T-mod(Set),Set], and the
representable Hom(Mφ,−) ∈ [f.p.T-mod(Set),Set] is learly (isomorphi
to) [[φ]]MT . So, sine inverse image funtors of geometri morphisms
preserve the interpretations of all geometri formulae, it follows that
F (Mφ) = [[φ]]MF , as required. It is also immediate to see that if
si : Mφ →Mψi is an arrow in f.p.T-mod(Set) indued as above by an arrow
[θi] : {~yi . ψ} → {~x . φ} in CT then F (si) = [[θ]]MF .
Given a geometri theory T over a signature Σ and a geometri formula
φ(xA11 , . . . , x
An
n ) over Σ, let us onsider the funtor F
E
φ : T-mod(E)→ E
whih sends to eah model N ∈ T-mod(E) (the domain of) the
interpretation [[φ]]N of φ in N and ats on arrows in the obvious way. If T
is of presheaf type and Mφ is a T-model model nitely presented by φ then
F Eφ is E-representable with representing objet γ
∗
E(i(Mφ)). Indeed, if
N ∈ T-mod(E) then from the Yoneda representation of the orresponding
at funtor FN and the disussion above it follows that
F Eφ (N) = [[φ]]N = FN (Mφ)
∼= HomET-mod(E)(γ
∗
E(i(Mφ)), N),
so that for any E ∈ E arrows E → [[φ]]N in E are in bijetion with arrows
E∗(γ∗E(Mφ))→ E
∗(N) in T-mod(E/E).
Now, oming bak to our sieve Sσ, it is lear that a model N ∈ T-mod(E) is
Sσ-homogeneous if and only if the sequent σ holds in N ; indeed, this
follows diretly from the disussion above by using Kripke-Joyal semantis,
or alternatively by using that N is Sσ-homogeneous if and only if FN sends
Sσ to an epimorphi family, if and only σ holds in N . These remarks lead
us to the following result.
Theorem 14.6. Let T be a theory of presheaf type suh that all the nitely
presentable T-models in Set are nitely presented, and T′ a quotient of T
obtained from T by adding axioms σ of the form φ ⊢~x∨
i∈I
(∃~yi)θi, where, for
eah i ∈ I, [θi] : {~yi . ψ} → {~x . φ} is an arrow in CT and φ(~x), ψ(~yi) are
geometri formulae over the signature of T presenting respetively T-models
Mφ and Mψi. With the notation above, if the olletion of sieves Sσ where σ
varies among the axioms of T
′
over T is stable under pullbak then T
′
is
lassied by the topos Sh(f.p.T-mod(Set)op, J) where J is the Grothendiek
topology on f.p.T-mod(Set)op generated by the sieves Sσ.
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Proof This follows immediately from our disussions above (in partiular,
that preeding Theorem 14.4 together with Remark 3.7) by using Lemma 3
[2℄. 
Remark 14.7. Our theorem generalizes the method of onstrution of the
lassifying topos of a quotient of a artesian theory given by Propositions
D3.1.7 and D3.1.10 [10℄; indeed, it is well known (fr. [10℄) that the
opposite of the ategory of nitely presentable models of a artesian theory
is equivalent (in the obvious way) to the artesian syntati ategory of the
theory.
Conerning the appliability of the theorem, we have seen above that, given
geometri formulae φ(~x) and ψ(~y) with nitely presented T-models Mφ(~x)
and Nψ(~y), any arrow [θ] : {~x . φ} → {~y . ψ} in the syntati ategory CT
gives rise to an arrow Nψ → Mφ in T-mod(Set). If all the nitely
presentable T-models in Set are nitely presented and moreover all the
homomorphisms of nitely presented T-models arise in this way, then we
say that the ategory f.p.T-mod(Set) is syntatially presented; note that
every artesian theory satises this ondition, by the results in [10℄, and
also the theory of undireted graphs p. 907 [10℄ and the theory of deidably
linearly ordered objets p. 926 [10℄ enjoy it. If this ondition is satised
then we know from the proof of Theorem 3.6 that it is superuous to
require the ondition that the olletion of sieves Sσ T
′
should be stable
under pullbak, sine we an always ahieve it without modifying the
syntati-equivalene lass of the theory T
′
.
We remark that for theories T of presheaf type suh that the ategory
f.p.T-mod(Set) is syntatially presented, every small presieve on
f.p.T-mod(Set)op is of the form Sσ for some geometri sequent in the
signature of T, so that, by the arguments in the proof of Theorem 4.1(ii),
we an obtain axiomatizations of the quotient of T given by Theorem 14.4
starting from a olletion of presieves on f.p.T-mod(Set)op whih generates
a given Grothendiek topology on f.p.T-mod(Set)op, as in the following
result.
Theorem 14.8. Let T be a theory of presheaf type suh that the ategory
f.p.T-mod(Set) is syntatially presented and J be a Grothendiek topology
on f.p.T-mod(Set)op. If a olletion of presieves of the form Sσ generates J
then the quotient T
′
of T orresponding to J via Theorem 14.4 is
axiomatized over T by the olletion of the sequents σ; in partiular, T′
axiomatizes the J-homogeneous T-models in every Grothendiek topos.

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Note that this theorem also formally follows from Theorem 14.6 by using
the duality theorem.
By applying the Theorem 14.8 in the ase of the atomi topology we get
the following result.
Corollary 14.9. Let T be a theory of presheaf type suh that the ategory
f.p.T-mod(Set) is syntatially presented and f.p.T-mod(Set)op satises the
right Ore ondition. Then the theory T
′
orresponding to the atomi
topology on f.p.T-mod(Set)op via Theorem 14.4 is obtained from T by
adding all the axioms of the form φ ⊢~x (∃~y)θ, where [θ] : {~y . ψ} → {~x . φ}
is any arrow in CT and φ(~x), ψ(~y) are geometri formulae over the
signature of T presenting respetively T-models Mφ and Mψ.
Proof This follows from the theorem and Theorem 14.4 by observing that
the olletion of presieves on f.p.T-mod(Set)op formed by a single
morphism generates the atomi topology on f.p.T-mod(Set)op. 
In partiular, we note that in the above Corollary all the axioms of the
form φ ⊢~x (∃~y)ψ, where φ(~x) and ψ(~x, ~y) are geometri formulae over the
signature of T presenting T-models Mφ and Mψ and suh that ψ ⊢~x,~y φ is
provable in T, are provable in T
′
.
We remark that if T is artesian then the hypotheses of the Corollary are
always satised. In this ase, by realling that the nitely presentable
T-models in Set are exatly those of the form Mφ for a artesian formula φ
and that the assoiation of Mφ to φ denes an equivalene of ategories
Cart
T
≃ f.p.T-mod(Set)op, we obtain that the quotient T′ over T in the
Corollary is obtained from T by adding all the axioms of the form
φ ⊢~x (∃~y)θ, where φ(~x) and θ(~y, ~x) are artesian formulae over the signature
of T suh that the sequents (ψ ⊢~y,~x φ) and ((θ ∧ θ[~x′/~x]) ⊢~y,~x,~x′ (~x =
~x′)) are
provable in T.
15 Classifying toposes for theories with
enough models
In this setion we extend some ideas and results from setions 3.2 and 3.4 of
[12℄, by rewriting them into a general topos-theoreti ontext; among other
things, this will lead, under appropriate hypotheses, to a model-theoreti
representation for the lassifying topos of a quotient of a theory of presheaf
type having enough models.
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First, let us reall the denition of nitely aessible ategory and some
basi fats whih will be useful for our analysis; we refer the reader to
setion C4.2 [10℄ for the bakground.
A nitely aessible ategory L is a ategory whih is equivalent to the
Ind-ompletion Ind-C of a small ategory C; Ind-C is dened to be the full
subategory of [Cop,Set] on the at funtors F : Cop → Set; reall that a
funtor F : Cop → Set is at if it is a ltered olimit of representables, that
is if the ategory of elements
∫
C
F of F is ltered (reall that any presheaf
F is the olimit in [Cop,Set] of the funtor given by the omposite∫
C
F
π
→ C
y
→ [Cop,Set] where π is the obvious projetion map and y is the
Yoneda embedding). Every representable funtor is at, so the Yoneda
embedding y : C → [Cop,Set] fators through the embedding
Ind-C →֒ [Cop,Set]; we will denote this fatorization by yC : C → Ind-C.
Moreover, the inlusion Ind-C →֒ [Cop,Set] reates ltered olimits.
Given a nitely aessible ategory L, we dene f.p.L as the full
subategory of L on the nitely presentable objets; then the embedding
f.p.L →֒ L is (up to equivalene) of the form y
f.p.L (fr. Proposition C4.2.2
[10℄ and Corollary A1.1.9 [9℄).
We reall from [10℄ (Corollary C4.2.6) that the Ind-ompletion Ind-C of C is
the free ltered-olimit ompletion of C, that is, for any ategory D with
ltered olimits, any funtor F : C → D extends, via yC : C → Ind-C,
uniquely up to anonial isomorphism, to a ltered-olimit preserving
funtor F : Ind-C → D.
Now, generalizing [12℄, given a small ategory C, we onstrut
orrespondenes between the olletion SInd-C of full subategories of Ind-C
and the olletion G(C) of Grothendiek otopologies on C. Given a osieve
S in C on an objet c ∈ C, we denote by S the extension of S : C → Set
(regarded here as a subfuntor of the representable C(c,−)) along yC as
above.
Let us dene orrespondenes K : G(C)→ SInd-C and H : SInd-C → G(C) as
follows.
Given a Grothendiek otopology J on C, K(J) is the full subategory of
Ind-C dened by
d ∈ K(J) i S(d) = HomInd-C(yC(c), d) for all S ∈ J(c),
for any d ∈ Ind-C. Conversely, given a full subategory D of Ind-C, we
dene H(D) by
S ∈ H(D)(c) i S(d) = HomInd-C(yC(c), d) for all d ∈ D,
for any osieve S in C on an objet c ∈ C. Here by the equality
S(d) = HomInd-C(yC(c), d) we mean that the values at d of the funtors S
72
and HomInd-C(yC(c),−) are anonially isomorphi i.e. (by the desription
of ltered olimits in Set p. 77 [3℄) if d = colim(yC ◦G) in Ind-C where I is
a ltered ategory and G : I → C is a funtor then for any arrow
r : c→ G(i) there exist objets j, k ∈ I and arrows s : c→ G(j) in S and
χ : i→ k, ξ : j → k in I suh that G(χ) ◦ r = G(ξ) ◦ s.
It is easy to verify that for any full subategory D of Ind-C, H(D) is indeed
a Grothendiek otopology on C; we provide the details for the reader's
onveniene.
It is lear that the maximality axiom holds. Let us verify the stability
axiom. Given an arrow f : c→ c′ in C and a osieve S ∈ H(D)(c), we want
to prove that f ∗(S) ∈ H(D)(c′), that is for any arrow r : c′ → G(i) there
exists j, k ∈ I and arrows s : c′ → G(j) in f ∗(S) and χ : i→ k, ξ : j → k in
I suh that G(χ) ◦ r = G(ξ) ◦ s. Consider the arrow r ◦ f ; sine
S ∈ H(D)(c) then there exist j′, k′ ∈ I and arrows s′ : c→ G(j′) in S and
χ′ : i→ k′, ξ : j′ → k′ in I suh that G(χ′) ◦ r ◦ f = G(ξ′) ◦ s′. Then if we
take i = i′, j = k, χ = χ′, ξ = 1k, s = G(χ) ◦ r, we have that s ∈ f
∗(S) and
hene our thesis is satised. It remains to verify the transitivity axiom.
Given a osieve R on c ∈ C and a osieve S ∈ H(D)(c) suh that
f ∗(R) ∈ H(D)(cod(f)) for any f ∈ S, we want to prove that R ∈ H(D)(c).
Sine S ∈ H(D)(c), given an arrow r : c→ G(i) there exist j, k ∈ I and
arrows f : c→ G(j) in S and χ : i→ k, ξ : j → k in I suh that
G(χ) ◦ r = G(ξ) ◦ f ; now, sine f ∗(R) ∈ H(D)(cod(f)), there there exist
j′, k′ ∈ I and arrows g : G(j)→ G(j′) in f ∗(R) and χ′ : k → k′, ξ′ : j′ → k′
in I suh that G(χ′) ◦G(ξ) = G(ξ′) ◦ g; hene G(χ′ ◦ χ) ◦ r = G(ξ′) ◦ g ◦ f
and our thesis is satised.
Next, we note that SInd-C and G(C) are naturally equipped with partial
orders (respetively the obvious inlusion between full subategories of
SInd-C and the inlusion between Grothendiek otopologies on C) and if we
regard them as poset ategories then the orrespondenes H and K beome
ontravariant funtors; moreover, it is immediate to see that they form a
Galois onnetion between SInd-C and G(C) i.e. they are adjoint to eah
other on the right. From the formal theory of Galois onnetions, it then
follows that H(K(H(D))) = H(D) for any full subategory D of Ind-C and
K(H(K(J))) = K(J) for any Grothendiek otopology on C; we shall exploit
this fat below.
The following lemma represents the extension of Lemma 3.11 [12℄ to the
ontext of nitely aessible ategories.
Lemma 15.1. Let J be a Grothendiek otopology on a small ategory C.
Then, with the notation above, HomInd-C(−, d) is J-ontinuous if and only
if d ∈ K(J), for any d ∈ Ind-C.
73
Proof We reall from [11℄ that via the equivalene
Geom(Set, [C,Set]) ≃ Flat(Cop,Set) a at funtor F : Cop → Set is sent
to the geometri morphism having as inverse image
F ⊗C − ∼= −⊗Cop F : [C,Set]→ Set; also, F is J-ontinuous (for a
Grothendiek topology J on Cop) if and only if for any S ∈ J(c), F ⊗C −
sends the monomorphism S ֌ C(c,−) to an isomorphism. Now,
HomInd-C(−, d) : C
op → Set is a at funtor (for any d ∈ Ind-C), by the
Yoneda representation of at funtors (fr. [9℄), so it is J-ontinuous if and
only if for any S ∈ J(c), HomInd-C(−, d)⊗C − sends S ֌ C(c,−) to an
isomorphism. Now, given a funtor F : C → Set,
(HomInd-C(−, d)⊗C −)(F ) = (−⊗Cop F )(HomInd-C(−, d)). If
d = colim(yC ◦G) in Ind-C where I is a ltered ategory and G : I → C is a
funtor then HomInd-C(−, d) ∼= colim[Cop,Set]HomInd-C(−, G(−)) sine all the
objets in C are nitely presentable in Ind-C and olimits in funtor
ategories are omputed pointwise; so, sine (−⊗C F ) preserves ltered
olimits (having a right adjoint) and for any c ∈ C HomC(−, c)⊗C F ∼= F (c)
(by formula (4) p. 379 [11℄), we dedue that
HomInd-C(−, d)⊗C F ∼= colim(F ◦G) = F (d). Hene HomInd-C(−, d)⊗C −
sends S ֌ C(c,−) to the monomorphism S(d)֌ HomInd-C(yC(c), d), from
whih our thesis follows. 
Proposition 15.2. Let T be a theory of presheaf type and T
′
be a
geometri quotient of T. Then, denoted by T
′
-mod(Set) the full subategory
of T-mod(Set) on the T′-models, we have that
K(H(T′-mod(Set))) = T′-mod(Set).
Proof By the duality theorem and Theorem 4.6 [4℄, we have that there
exists a Grothendiek topology J on f.p.T-mod(Set)op suh that the
T
′
-models are exatly the J-homogeneous ones in any Grothendiek topos
(fr. also the proof of Theorem 14.4); but by Lemma 15.1 a T-model M in
Set is J-homogeneous if and only if M ∈ K(J), so that
T
′
-mod(Set) = K(J). Thus the thesis follows from the disussion preeding
Lemma 15.1. 
Remark 15.3. Conversely, we note that, by Theorem 14.4, every full
subategory of T-mod(Set) of the form K(J) for a Grothendiek topology
J on f.p.T-mod(Set)op is of the form T′-mod(Set) for a geometri quotient
T
′
of T. So we onlude from Proposition 15.2 and the disussion preeding
Lemma 15.1 that in the ase of the ategory of models in Set of a theory of
presheaf type T, the `losed' full subategories of our Galois orrespondene
are preisely the ategories of models in Set of geometri quotients of T.
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We are now ready to prove the main result of this setion.
Theorem 15.4. Let T be a theory of presheaf type and T
′
be a geometri
quotient of T having enough models. Then the topos
Sh(f.p.T-mod(Set)op,H(T′-mod(Set))) lassies T′, provided that it has
enough points.
Proof From Theorem 14.4 we know that there exists a geometri quotient
T
′′
of T suh that the T
′′
-models are exatly the J-homogeneous T-models
in any Grothendiek topos. Now, T
′′
has enough models, being lassied by
Sh(f.p.T-mod(Set)op,H(T′-mod(Set))) whih has enough points, and has
the same models in Set as the theory T′, by Lemma 15.1 and Proposition
15.2. So, sine both T
′
and T
′′
have enough models and the same models in
Set, we onlude that they are syntatially equivalent and hene that they
have equivalent lassifying toposes; in partiular
Sh(f.p.T-mod(Set)op,H(T′-mod(Set))) lassies T′, as required. 
From the proof of the theorem, we an extrat the following result.
Proposition 15.5. Let T be a theory of presheaf type and J a
Grothendiek topology on f.p.T-mod(Set)op suh that both the toposes
Sh(f.p.T-mod(Set)op, J) and Sh(f.p.T-mod(Set)op,H(K(J))) have enough
points. Then J = H(K(J)).
Proof By the theory of elementary toposes, J = H(K(J)) if and only if
there exists a geometri equivalene between the toposes
Sh(f.p.T-mod(Set)op, J) and Sh(f.p.T-mod(Set)op,H(K(J))) whih
ommute (in the obvious sense) with the anonial geometri inlusions
Sh(f.p.T-mod(Set)op, J) →֒ [f.p.T-mod(Set),Set] and
Sh(f.p.T-mod(Set)op,H(K(J))) →֒ [f.p.T-mod(Set),Set]; but this is
equivalent, by the 2-dimensional Yoneda Lemma and the universal property
of lassifying toposes, to saying that the quotients T
′
and T
′′
of T lassied
respetively by Sh(f.p.T-mod(Set)op, J) and
Sh(f.p.T-mod(Set)op,H(K(J))) via Theorem 14.4 have exatly the same
models in any Grothendiek topos. Now, if both T
′
and T
′′
have enough
models then this happens preisely when they have exatly the same
models in Set, equivalently (by Lemma 15.1) when K(J) = K(H(K(J)));
but this always holds, by the disussion preeding Lemma 15.1. 
75
Remark 15.6. Conerning the appliability of Theorem 15.4, let us
mention the following fat. In [1℄ the authors haraterized the small
ategories C suh that ontravariant at funtors on them are oherently
axiomatized in the language of presheaves on them; their ondition
amounts to requiring the existene of a ertain kind of olimits in C, and it
is always satised if Cop is artesian. Further, we note that if C satises this
ondition and J is a nite type Grothendiek topology on Cop then the at
funtors on Cop whih are J-ontinuous an be oherently axiomatized in
the language of presheaves on C; thus the topos Sh(Cop, J) is oherent and
hene has enough points by Deligne's theorem.
Finally, let us disuss how our results relate to those in setions 3.2 and 3.4
of [12℄. There the authors only dealt with the ase of embeddings
C →֒ Ind-C of the form f.p.L →֒ L for a loally nitely presentable ategory
L. It is well-known that these ategories L are preisely the ategories of
models in Set of artesian theories, so that the ategory f.p.L always
admits a syntati desription as the opposite of the syntati ategory of
the relevant artesian theory; this fat is exploited in an essential way to
derive some results in [12℄, for example Proposition 3.5. Instead, we have
arrived at Proposition 15.2, whih generalizes Proposition 3.5, by using the
theory of lassifying toposes and our duality theorem. Also, our Lemma
15.1 generalizes Lemma 3.11 [12℄, whose proof relied on the loally nite
presentability of the ategory L, and our Proposition 15.5 implies
Proposition 3.12 [12℄ (by Deligne's theorem, Proposition 3.4(a) [12℄ and
Remark 15.6).
16 A syntati desription of the nitely
presented models of a artesian theory
In this setion we give an expliit syntati desription of the nitely
presented models of a given artesian theory. We will derive this result
from the well-known haraterization of models of a artesian theory as
artesian funtors dened on the artesian syntati ategory of the theory.
Speially, reall from [10℄ (Theorem D1.4.7) that for any artesian theory
T over a signature Σ, there is an equivalene of ategories
Cart(Cart
T
,Set) ≃ T-mod(Set). This equivalene is dened as follows. A
artesian funtor F : Cart
T
→ Set is sent to the T-model F (MT), where MT
is the `universal' model of T in Cart
T
, while a T-model M in Set is sent to
the artesian funtor FM whih sends an objet {~x . φ} ∈ C
art
T
to the
(domain of) its interpretation [[~x . φ]]M in M and an arrow
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[θ] : {~x . φ} → {~y . ψ} in Cart
T
to the morphism
[[θ]]M : [[~x . φ]]M → [[~y . ψ]]M whose graph is the interpretation [[~x, ~y . θ]]M
(fr. p. 845 [10℄ for more details). The model MT assigns to a sort A the
objet {xA . ⊤} where xA is a variable of sort A, to a funtion symbol
f : A1 · · ·An → B the morphism
{xA11 , . . . , x
An
n . ⊤}
[f(x
A1
1 ,...,x
An
n )=y
B ]
// {yB . ⊤}
and to a relation symbol R֌ A1 · · ·An the subobjet
{xA11 , . . . , x
An
n . R(x
A1
1 , . . . , x
An
n )}
[R(x
A1
1 ,...,x
An
n )] // {xA11 , . . . , x
An
n . ⊤}
as in Lemma D1.4.4(iv).
As it is remarked in [10℄ (Lemma D2.4.1), the T-model Mφ orresponding
via the equivalene Cart(Cart
T
,Set) ≃ T-mod(Set) to the representable
HomCart
T
({~x . φ},−) ∈ Cart(Cart
T
,Set) is nitely presented by the formula
φ(~x). Indeed, we have the following equivalenes natural in
N ∈ T-mod(Set):
HomT-mod(Set)(Mφ, N) ≃ Nat(HomCart
T
({~x . φ},−), FN)
≃ FN ({~x . φ}) = [[~x . φ]]N ,
the seond one being given by the Yoneda Lemma.
By realling the denition of syntati ategory Cart
T
, we thus obtain the
following expliit desription of MφA.
Mφ assigns to to a sort A the olletion MφA of T-provable equivalene
lasses [θ] of artesian formulae θ(~x, xA) over Σ suh that the sequents
(φ⊣⊢~x(∃x
A)θ) and ((θ ∧ θ[x′A/xA]) ⊢~x,xA,x′A (x
A = x′A)) are provable in T,
where xA and x′A are distint variables of sort A not appearing in ~x.
Given a funtion symbol f : A1 · · ·An → B,
Mφf : MφA1 × · · ·MφAn →MφB is the funtion assigning to a n-tuple
([θ1], . . . , [θn]) ∈MφA1 × · · ·MφAn the T-provable equivalene lass
[∃xA1 . . . ∃xAn(θ1(~x, x
A1) ∧ . . . ∧ θn(~x, x
An) ∧ yB = f(xA1, . . . , xAn))], where
yB is a variable of sort B not appearing in ~x.
Given a relation symbol R֌ A1 · · ·An, MφR is the subset of
MφA1 × · · ·MφAn given by the n-tuples ([θ1], . . . , [θn]) ∈MφA1 × · · ·MφAn
suh that the sequent
(θ1(~x, x
A1) ∧ . . . ∧ θn(~x, x
An) ⊢~x,xA1 ,...,xAn R(x
A1 , . . . , xAn)) is provable in T.
Let us now verify diretly that this model is nitely presented by φ, by
exhibiting its generators.
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If ~x = (xA11 , . . . , x
An
n ) then the generators of Mφ are the T-provable
equivalene lasses χi := [φ(~x) ∧ x
Ai = x′Ai ] for 1 ≤ i ≤ n, where x′Ai is any
variable of sort Ai not appearing in ~x.
We are now ready to desribe the bijetive orrespondene, natural in
N ∈ T-mod(Set), between string of elements (b1, . . . , bn) ∈ NA1 × . . . NAn
suh that (b1, . . . , bn) ∈ [[φ]]N and arrows f : Mφ → N in T-mod(Set),
whih witnesses the fat that Mφ is nitely presented by φ.
To a given ~a = (a1, . . . an) ∈ [[φ]]N , we assoiate the T-model
homomorphism f~a : Mφ → N whih assigns to eah sort A the funtion
f~aA : MφA = HomCart
T
({~x . φ}, {xA . ⊤})→ NA = [[xA . ⊤]]N dened by
f~aA([θ]) = [[θ]]N(~a). Conversely, given a T-model homomorphism
g : Mφ → N , we assoiate to it the string
eg := (gA1 × . . . gAn)((χ1, . . . , χn)) = (b1, . . . , bn). It is immediate to see
that for any string ~a ∈ [[φ]]N , ef~a = ~a; to prove that
g = f(gA1×...gAn)((χ1,...,χn)), it sues to observe that
[[~x . φ]]Mφ = HomCartT ({~x . φ}, {~x . φ}) and then invoke the naturality of
Fg : FMφ⇒FN (fr. the proof of Theorem D1.4.7 [10℄).
It is natural to wonder how muh of the preeding disussion an be
adapted to regular, oherent or geometri theories. It is lear that the
essential point is the fat that HomCart
T
({~x . φ},−) is artesian and hene
orresponds via the equivalene Cart(Cart
T
,Set) ≃ T-mod(Set) to a
T-model. For the above-mentioned fragments of logi, we instead have
equivalenes Reg(Creg
T
,Set) ≃ T-mod(Set), Coh(Coh
T
,Set) ≃ T-mod(Set)
and Geom(Cgeom
T
,Set) ≃ T-mod(Set); so, sine the representables on the
relevant syntati ategories are in general not regular (resp. oherent,
geometri) funtors we annot onlude as above that for any regular (resp.
oherent, geometri) theory there exist models whih are nitely presented
by given formulae in the appropriate fragments. Anyway, it is lear from
the our disussion that, for any geometri theory over a signature Σ and
any geometri formula φ over Σ, there is a Σ-struture Mφ (in fat, a model
of the artesianization of T, that is of the olletion of all the artesian
formulae whih are provable in T) suh that the Σ-struture
homomorphisms Mφ → N are in bijetive orrespondene with [[~x . φ]]N ,
naturally in N ∈ T-mod(Set).
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17 Coherent theories and topologies of nite
type
Let us start this setion with two remarks whih will be important in what
follows.
Remark 17.1. Conerning the notion of provability in dierent fragments
of logi, it is useful to remark this fat: the notion of provability in a
artesian (resp. regular, oherent) theory T with respet to artesian (resp.
regular, oherent) logi oinides with the notion of provability in T with
respet to geometri logi. This an be dedued from the theory of
lassifying toposes as follows. As in Proposition D3.3.13 [10℄, one an prove,
by using the representation [(Cart
T
)op,Set] (resp. Sh(Creg
T
, J reg
T
),
Sh(Coh
T
, Joh
T
)) of the lassifying topos of T, that the lassial ompleteness
theorem for artesian (resp. regular, oherent) logi translates into the fat
that the lassifying topos Set[T] of T has enough points; but this property
is equivalent to the fat that T, regarded as a geometri theory, has enough
models (fr. Proposition 2.3 [7℄). So all the notions of provability in
question are equivalent to eah other, and also to the notion of provability
in lassial rst-order logi, being all equivalent to the notion of validity in
all T-models in Set.
Remark 17.2. Given two representations Sh(C, J) ≃ Sh(C′, J ′) of the
same Grothendiek topos, we may onstrut a bijetion between the lass
GrothCJ of Grothendiek topologies on C whih ontain J and the lass
GrothC
′
J ′ of Grothendiek topologies on C
′
whih ontain J ′. Indeed, it is
well-known that Grothendiek topologies on C (resp. C′) whih ontain J
(resp. J ′) are in bijetion with the geometri inlusions into the topos
Sh(C, J) (resp. Sh(C′, J ′)), so that we an pass from one lass to the other
by omposing the orresponding geometri inlusions with the geometri
equivalene Sh(C, J) ≃ Sh(C′, J ′). Moreover, via the bijetions above, the
natural order between geometri inlusions (i.e. one inlusion is less than
another if and only if it fators through it) orresponds to the anonial
order between Grothendiek topologies; thus our bijetion between GrothCJ
and GrothC
′
J ′ is order-preserving and hene an Heyting algebra isomorphism.
This fat will be exploited in the next setion in order to obtain expliit
desriptions of lattie operations between theories.
Another notable appliation of this remark arises in the ontext of theories
of presheaf type. Speially, if T is a theory of presheaf type then its
lassifying topos an be represented either as Sh(CT, JT) or as the presheaf
topos [f.p.T-mod(Set),Set]; thus, by the duality theorem, there is an
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order-preserving bijetion between losed quotients T
′
of T and
Grothendiek topologies J on f.p.T-mod(Set)op, with the property that for
any T
′
, the topos Sh(f.p.T-mod(Set)op, J) of sheaves for the orresponding
topology J lassies T′ (fr. Theorem 14.4).
Denition 17.3. Let J be a Grothendiek topology on a ategory C. Then
J is said to be of nite type if it is generated by a olletion of nite
presieves on C.
Reall that a Grothendiek topology on C is said to be generated by a given
olletion F of presieves on C if it is the smallest Grothendiek topology J
on C suh that all the sieves generated by presieves in F are J-overing.
Proposition 17.4. Let C be a ategory and J a Grothendiek topology on
C. Then J is of nite type if and only if there exists an assignment K
sending to eah objet c ∈ C a olletion K(c) nite presieves in C on c
whih satises the properties
(i) if R ∈ K(c) then for any arrow g : d→ c there exists a presieve
S ∈ K(c) suh that for eah arrow f in S, g ◦ f ∈ R;
(ii) if {fi : ci → c | i ∈ I} ∈ K(c) and for eah i ∈ I we have a presieve
{gij : dij → ci | j ∈ Ii} ∈ K(ci) then there exists a presieve S ∈ K(c) suh
that S ⊆ {fi ◦ gij : dij → c | i ∈ I, j ∈ Ii}
and is suh that for any sieve S on c ∈ C, S ∈ J(c) if and only if S ⊇ T for
some T ∈ K(c).
Proof The `if' part of the proposition immediately follows from Denition
2.3. Let us prove the `only if' part. We dene K as follows: for any presieve
V on c ∈ C, V ∈ K(c) if and only if V is nite and the sieve generated by it
is J-overing. By Denition 2.3, K satises properties (i) and (ii) of our
proposition. Let us now dene K ′ by setting, for any sieve R on c ∈ C,
R ∈ K ′(c) if and only if R ⊇ T for some T ∈ K(c). We want to prove that
J = K ′. Again, by Denition 2.3, K ′ is a Grothendiek topology and,
learly, K ′ is ontained in J . But the fat that J is of nite type implies
that J ⊆ K ′, so that J = K ′, as required. 
Proposition 17.5. Let C be a ategory and J1, J2 Grothendiek topologies
on C. Then
(i) If J1, J2 are of nite type then J1 ∧ J2 is of nite type;
(ii) If J1, J2 are of nite type then J1 ∨ J2 is of nite type.
Proof (i) Reall that for any sieve S on c ∈ C, S ∈ (J1 ∧ J2)(c) if and only
if S ∈ J1(c) and S ∈ J2(c). Let us denote by K1 (resp. K2) the olletion of
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nite presieves for J1 (resp. J2) satisfying the onditions of Proposition
17.4, and dene K as follows: for any presieve V on c ∈ C, V ∈ K(c) if and
only if there exist V1 ∈ K1(c) and V2 ∈ K2(c) suh that V = V1 ∪ V2. Now,
it is immediate to see that K satises the onditions of Proposition 17.4.
But, learly, for any sieve S on c ∈ C, S ∈ J1 ∧ J2(c) if and only if S ⊇ T for
some T ∈ K(c), and hene J1 ∧ J2 is of nite type by Proposition 17.4.
(ii) Sine J1 ∨ J2 is the smallest Grothendiek topology on C whih ontains
both J1 and J2, the thesis immediately follows from the denition of
Grothendiek topology of nite type; indeed, we an get a olletion of
nite presieves generating J1 ∨ J2 by taking the union of any two olletions
of nite presieves generating J1 and J2. 
Below, by a oherent theory over a signature Σ we mean a geometri theory
T over Σ whih an be axiomatized by oherent sequents over Σ.
Theorem 17.6. Let T be a artesian theory over a signature Σ and Cart
T
the artesian syntati ategory of T. Then the bijetion between losed
geometri quotients of T and Grothendiek topologies on Cart
T
indued by the
duality theorem via Remark 17.2 restrits to a bijetion between losed
oherent quotients of T and nite type Grothendiek topologies on Cart
T
.
Proof We an desribe the bjetion between losed geometri quotients of
T and Grothendiek topologies on Cart
T
indued by the duality theorem via
the equivalene of lassifying toposes Sh(CT, JT) ≃ [C
art
T
,Set] expliitly as
follows. Given a Grothendiek topology J on Cart
T
, the orresponding
theory is axiomatized by all the sequents over Σ of the form
ψ ⊢~y∨
i∈I
(∃~xi)θi, where {[θi] | i ∈ I} is any family of morphisms
{~xi . φi}
[θi] // {~y . ψ}
in Cart
T
forming a J-overing sieve. Conversely, by Proposition D1.3.10 [10℄,
any geometri (resp. oherent) theory over Σ an be axiomatized by axioms
of the form ψ ⊢~y,∨
i∈I
(∃~xi)θi where ψ and the θi are artesian formulae over
Σ suh that for any i ∈ I θi ⊢~xi,y ψ is provable in geometri logi (where I
may be taken nite if T is oherent), so that the orresponding
Grothendiek topology on Cart
T
is generated by the sieves
{~xi, ~y′ . θi}
[θi∧~y=~y′] // {~y . ψ}
as i varies in I.
Our thesis now follows from Remark 4.3. 
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Corollary 17.7. Let T be a artesian theory over a signature Σ. Then the
olletion of losed oherent quotients of T form a sublattie of the
olletion ThTΣ of losed geometri quotients of T.
Proof This immediately follows from Theorem 17.6, Theorem 3.6 and
Proposition 17.5. 
Notie that the orollary implies that, more generally, the lass of oherent
theories in ThTΣ for a geometri theory T is losed under meets and joins in
ThTΣ; indeed, by the remark at the beginning of setion 5 and Remark 17.2,
the meet and join of subtoposes of Sh(CT, JT) ≃ Sh(C∅, J
∅
T
) (where ∅ is the
empty (artesian) theory over Σ) are the same as those alulated in the
lattie of subtoposes of Sh(C∅, J∅).
Remark 17.8. Note that, by Remark 17.1, the order-relation between
oherent theories in ThTΣ is equivalent to the natural notion of order
between oherent theories i.e. T1 ≤ T2 if and only if every (oherent) axiom
of T1 is provable in T2 using oherent logi. Moreover, by the lassial
ompleteness theorem for oherent logi (Corollary D1.5.10 [10℄), this
order-relation also oinides with the well-known notion of order between
rst-order theories, T1 ≤ T2 being equivalent to the ondition `for any
Σ-struture M in Set, M is a T2-model implies M is a T1-model'.
18 An example
As an appliation of the theory developed in the present paper, we
alulate the meet of the theory of loal rings and the theory of integral
domains in the lattie of (oherent) theories over the signature of
ommutative rings with unit.
Let Σ be the one-sorted signature onsisting of two binary funtion symbols
+ and ·, one unary funtion symbol − and two onstants 0 and 1, and T be
the algebrai theory of ommutative rings with unit over Σ; notie that the
ategory f.p.T-mod(Set) oinides with the ategory Rngf.g. of nitely
generated ommutative rings with unit.
The theory T1 of loal rings is obtained from T by adding the sequents
((0 = 1) ⊢[] ⊥)
and
((∃z)((x+ y) · z = 1) ⊢x,y ((∃z)(x · z = 1) ∨ (∃z)(y · z = 1))),
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while the theory T2 of integral domains is obtained from T by adding the
sequents
((0 = 1) ⊢[] ⊥)
((x · y = 0) ⊢x,y ((x = 0) ∨ (y = 0))) .
Consider the Grothendiek topologies J1 and J2 on f.p.T-mod(Set)
op
orresponding respetively to T1 and to T2 as in Remark 17.2. By Example
D3.1.11(a) [10℄ and the proof of Proposition 6.4 [6℄, we have the following
desriptions:
for any A ∈ f.p.T-mod(Set) and any osieve S on A in f.p.T-mod(Set),
(i) S ∈ J1(A) if and only if S ontains a nite family
{ξi : A→ A[si
−1] | 1 ≤ i ≤ n} of anonial inlusions ξi : A→ A[si
−1] in
Rngf.g. where {s1, . . . , sn} is any set of elements of A whih is not
ontained in any proper ideal of A;
(ii) S ∈ J2(A) if and only if either A is the zero ring and S is the empty
sieve on it or S ontains a non-empty nite family
{πai : A→ A/(ai) | 1 ≤ i ≤ n} of anonial projetions πai : A→ A/(ai) in
Rngf.g. where {a1, . . . , an} is any set of elements of A suh that
a1 · . . . · an = 0.
Now, note that we may identify the polynomials with integer oeients in
a nite number of variables with R-equivalene lasses of terms over Σ,
where R is the equivalene relation on terms given by `t1 R t2 if and only if
⊤ ⊢ t1 = t2 is provable in T'; in fat, we shall use this identiation below.
Then, by Theorem 14.8 and Remark 17.2, we have that T1 ∧ T2 is obtained
from T by adding the sequents
((0 = 1) ⊢[] ⊥)
and
( ∧
1≤s≤m
Ps(~x) = 0 ⊢~x ∨
1≤i≤k
(∃y)(Gi(~x) · y = 1) ∨ ∨
1≤j≤l
Hj(~x) = 0)
where for eah 1 ≤ i ≤ k and 1 ≤ j ≤ l, the Gi and Hj are polynomials in a
nite string ~x of variables with the property that if ~x = (x1, . . . , xn) then
{P1, . . . , Ps, G1 . . . , Gk} is any set of elements of Z[x1, . . . , xn] whih is not
ontained in any proper ideal of Z[x1, . . . , xn] and (
∏
1≤j≤l
Hj) ∈ (P1, . . . , Ps)
in Z[x1, . . . , xn].
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